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G.V. KONDRATIEV 
0. Introduction 



"One should jump over not just 
theorems but whole theories as well" 
V.I. Arnold 



This work is an analysis of the concept duality being used in modern mathematics. The main 
theorem 6.1.1 is a generalization for strict oo-categorics of Porst-Tholen criterion of existence of 
a concrete natural dual adjunction for usual 1-categorics. 



0.1. Why duality is effective 

Duality is one of the fundamental recurring ideas in all of mathematics, and category theory 
provides the appropriate framework for defining and analyzing the idea that "opposite structures 
can reflect one another" . Some of the most famous theorems in mathematics are duality theorems. 
We are thinking in particular of Pontryagin duality, Gclfand -Naimark duality and Stone duality. 

The computational power of such dualities increases since one can choose that side which 
works in the simplest and most effective manner in a given situation. Most mathematicians, when 
they develop practical techniques, use some kind of duality (such as distributions in functional 
analysis or flows in differential topology) which simplifies the main ideas and formulations. It 
would probably not be a sufficient reason for using duality if everything was exactly mirrored. 
Some properties are not preserved under categorical equivalence. This gives rise to an additional 
dimension for those new constructions which are not reducible to either of the opposites. Notions 
such as schemes arise in this way. Historically, the abstract concept of duality was introduced 
much later than numerous (famous) concrete examples. A deep categorical analysis of first order 
duality was given in [P-Th] . 



0.2. Not everything is preserved under duality. Bifurcation theory 

As an example, this phenomenon is well-known in the qualitative theory of differential equa- 
tions when small changes of parameter cause catastrophes in the solution space (under the general 
duality of differential equations to their solution spaces). This is the subject of bifurcation the- 
ory. The same phenomenon holds for algebraic equations and for any type of equations and their 
deformations in the previous sense. The reason of this phenomenon is that duality between 'big' 
categories of equations and their solution spaces is always 1-duality and 'never' 2-duality The 
exact criterion for the order of dulity can be translated to a criterion for bifurcations. 



0.3. Development of Modern Geometry 

Duality plays a central role in the principal steps of the development of Modern Geometry. It 
is now a standard tool to talk about spaces which are unknown but which are well representable 
by their dual objects. All the development of modern algebraic geometry can be regarded as a 
sequence of extensions of algebraic duals, which can be seen from the following diagram: 



AlgVar 



AfTSchemes 
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> FinGenComAlg StieSubBn op( — 



SolSpDiffEq' 



Op 



-¥ ComAlg c 



->■ AntiComALg c > DifFAntiComAlg 



op 



Diff 



SmAffSchemes 



-> FinGenSmoothComAlg NonComALgC s> DiflfNonComAlg 



-> SmComAlg 



NonComSp 



°PC 



-> SolSpNCDifFEq 



It is still a compact diagram, some steps are omitted, some extensions are not unique (e.g., 
for algebraic geometry, it is better to regard commutative algebras as anticommutative ones 
concentrated in degree 0. But for algebraic topology it is natural to regard graded commutative 
algebras as graded anticommutative ones with degrees of all elements doubled) . One of the key 
ideas of this thesis is that the co-category setting allows us to expand this diagram in a new 
(homotopical) dimension. So that (monoidal) oo-categories give an appropriate framework for 
Homotopical Algebraic Geometry. 

0.4. Low-dimensional and co-dimensional Approaches to Homotopy Theory 

Higher dimensional functors preserve "homotopy" invariants but not in a canonical way, i.e. 
they usually do not preserve 71%, H*, H* , etc. This is because these "homotopy" invariants 
are not formulated internally in a category. For example, regard the classifying space functor 
B : wTopGrp — ► Top. In wTopGrp (category of weak topological groups) there are two 
(noncomparable in general) 2-categorical structures: when 2-cells are conjugations and when 
they are homotopy classes of homotopies; [the last structure is weaker if we restrict ourselves to 
a subcategory of path connected weak topological groups] . We note: 

Proposition 0.4.1. The classifying space functor B : wTopGrp — ► Top is 

• a 2-functor with respect to conjugations in wTopGrp, 

• a 2-functor and 2-equivalence (not 1- equivalence) with respect to homotopy classes of homo- 
topies in wTopGrp. Its quasiinverse is the loop space functor Q, : Top — ► wTopGrp. □ 

One would expect that there are many relations between conjugation invariants and homotopy 
invariants for wTopGrp and Top. Indeed, there are some such, but they are not straightfor- 
ward. For example, H*{BG) is a conjugation- invariant commutative anticommutative algebra. 
We would expect that it is a subalgebra (or, maybe a quotient algebra) of AdlnvPol(g) (the 
algebra of polynomials on the Lie algebra q invariant under conjugations) but this is not true in 
general, although AdlnvPol(g) is isomorphic to H*(BG) for compact Lie groups G (Chern-Weil 
homomorphism) . The relation between H*(G) and H*{BG) is rather complicated: it is given 
by the Eilenbcrg-Moore spectral sequence H*(G) ® H*(BG) — ► 0. Why does such a nice equiva- 
lence B : wTopGrp — -> Top : Q, give such complicated relations between homotopy invariants? 
Because these homotopy invariants are not defined internally. 

The typical definitions of homotopy invariants, such as the functor -K n {X) — [S n ,X], are 
not invariant under 2(and higher order)-functors, because the n-sphcres S n are not traditionally 
determined categorically. One of the goals of this thesis is to introduce a new notion of homotopy 
group, which are invariant under higher-order categorical equivalences Our reinterpretation of 
homotopy is as follows: 
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Definition 0.4.1. 

• For an oo-category C, I € ObC, and a point x : I — > X (formal) homotopy groups of X 
arc defined as follows tt^X, x) := Aut(e" _1 a;)/ ~ (where e™ _1 is n — 1 times application of 
the identity operation e). 

• When functors Aut(e™ _1 (— ))/ ~ arc representable the representing objects S n are called 
(formal) spheres (in this case we have n^(X, x) := (Aut(e™ _1 (a;))/ ~) -^» [S n ,X]). D 

For oo-Top when I — 1 there is a homomorphism of the usual homotopy groups into our formal 
ones ir n {X,x) -» Tt^(X,x) (induced by the quotient map /"/(/"- 1 x 0) U (J"" 1 xl)-» S n ). For 
a category oo-TopMan fc of topological manifolds with boundary and homotopies relative to the 
boundary, formal homotopy groups coincide with the usual ones w^ — ir n when 1 = 1. For 
oo-Top,, (pointed spaces and maps) n^(X,x) = [1,X] are trivial for all n although [S n ,X] gives 
the usual homotopy groups. 

Both functors B and fi preserve the homotopy type of 1. So, 7T*(G) = tt*(BG). But these 
groups are trivial and they give no information (if we change 1 to a more complicated object 
I G Ob Top then the information can be very nontrivial). 

Proposition 0.4.2. If F : A — > B is an oo- equivalence between full topological subcategories of 
oo-TopManj, such that 1 ~ -F(l) then F preserves the usual homotopy groups. □ 



0.5. Concrete Duality 

The underlying philosophy of our theory of concrete duality is that the world is nonlinear and 
opposites converge rather than diverge. 

Definition 0.5.1. Two n-categories A and B are called concretely dual if there exists a 
"schizophrenic" object D living in both of theses categories such that hom-functors A(—,D) : 

A- F 
A — ► n-Cat and B(— , D) : B —> n-C&t factor through the other category, i.e. 





Cat 



and \^ u where F, G are equivalences quasiinverse to each other. □ 

n-Cat 

The higher order the duality is, the more (homotopy) invariants are preserved. 

If ^4 = — > n-Top then the forgetful functor U : A — * n-Cat is usually the composite of inclusion 

and the n-groupoid functor AS * n-Top ■ > n-Cat [by Grothcndicck's hypothesis 

oo-Top(l, — ) : oo-Top — » oo-Cat is an equivalence with its image]. 

The above factorization (lifting) of hom-functors is frequently initial. For first order categories 
it was proven by Porst and Tholen [P-Th] that initial means maximal and any other concrete 
duality factors through the initial (natural) one; for higher order categories, the analogous state- 
ment has not been proven yet. We hope that the structures introduced here will be useful in 
extending this result to the higher order case. 
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Proposition 0.5.1. 

F 

• Every (weak) duality (adjunction) A B is concrete (over C) if there are representable 

G 
forgetful functors U : A — ► C and V : B — > C. The dualizing object D is both FI and GJ in a 
sense to be made precise, where I, J are representing objects for U, V . 

• If A and B have representable forgetful functors over C and a dualizing object D such that the 
corresponding hom-functors A(—,D), B(—,D) satisfy the initial lifting condition (essen- 
tially, the arrow /" : VX — ► A(Y, D) is a B-arrow iff the composite VX ► A(Y, D) ev * n ) 

A(I,D) is a B-arrow V x n : I — > Y , and similarly for B(—,D)) then there exists a concrete 
dual adjunction between A and B which is natural and strict. 

• Concrete natural duality is a strict adjunction. [Higher order duality need not be an adjunction 
at all] □ 

Point 2 of the above proposition is a generalization (for n-categories) of the Porst-Tholen 
theorem about concrete duality for first order categories. 

The main and most interesting interplay for duality is between algebra and geometry. Certain 
complicated colimits in algebraic categories are often easily viewed via duality as geometric limits 
(e.g. the notion of tensor product of algebras is more understandable via the notion of product 
of manifolds). 

Examples of well-known dualities are those between algebraic varieties and finitely-generated 
commutative algebras, between afiine schemes and commutative rings (Grothendieck), compact 
abelian groups and abelian groups (Pontryagin), Boolean algebras and Boolean spaces (Stone), 
commutative C*-algebras and compact Hausdorff spaces (Gelfand-Naimark), and others. 

In this paper several new examples of concrete duality are introduced. These include duality 
for differential equations (introducing anticommutative geometry of solution spaces) , Vinogradov 
duality (formalizing the well-known duality between modules of linear differential operators and 
jet modules of sections), Gelfand-Naimark 2-duality (extending the usual one to homotopy classes 
of homotopics), Pontryagin-Lukacs duality (Lukacs' extension of Pontryagin duality to locally 
precompact abelian groups). 

1. Categories, functors, natural transformations, modifications 

Definition 1.1. 

• oo-precategory is a (big) set L endowed with 

(1) a grading L = JJ L n 

n>0 

(2) unary operations d, c : []£"-» JJ L n , deg(d) = deg(c) = —1, dc = d 2 , cd = c 2 

n>l n>0 

(3) a unary operation e : []!"-> JJ L n , deg(e) = 1, de = 1, ce = 1 

n>0 ra>0 

(4) partial binary operations o^, k — 1,2, ..., of degree 0. f °k g is determined iff d f = c k g 

such that each hom-set L(a,a') := {/ £ L \ 3k € N d k f = a, c k f = a'}, deg(a) = deg(a'), 
inherits all properties (l)-(4). 

• Va, a! , a" e L m there are maps n a . a '.a" '■ U -^™( a 'i a ") x L n (a, a') — * L(a, a") such that if the 
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bottom composite is determined then 

II L-(o', a") x L»(o, a') "-'-" , L(flj * } 

n>0 v ' ' 



L n (a', a") x L"(a, a') — > L n (a, a") 

fJ>a,a',a" are called horizontal composites on level deg(a); all composites inside of L(a,a') 
are vertical. □ 

Remarks. 

• Our definition of oo-precategory coincides with what Penon calls a magma; essentially it is 
a reflexive globular set with all possible binary composites [Lei]. 

• If a n ,/3 n G L n ,n > 0, such that da n ^ d[3 n or ca n ^ c/3 n , then L(a n ,/3 n ) = (because of 
d 2 = dc, c? = cd). So, /J, a ,a'.a" can be the empty map : — > 0. 

• It is convenient to use a letter with appropriate superscript, like x m ,a k , etc., as an ele- 
ment (or sometimes as a variable) with domain L m ,L k , etc. respectively (or with domain 
L m (a, 6), L k {x 1 y), etc.) Also, the grading can be taken to range over Z under the assumption 
that L~ m := 0, m > 0. 

• Call elements a G L° of degree objects of L, elements /" G L n (a, a'), a, a' G L°, arrows of 
degree n + 1 from a to a'. 

• Denote horizontal composites by * , and extend it over arrows of different degrees by 
the rule * : L(b,c) X L(a,b) -<• L(a,c) : (g n ,f m ) h-> fi a ,b c ( e max ( m - n )- n g n , e ™ax(m,n)- m j m ^ = . 

g n ^ j m (jm £ J,m( ai ^ g n £ ^^ c ))_ Q 

The following definition of equivalence is given "coinductively" (see [J-R] ) 

/ 
Definition 1.2. For a, b G L n a ~ 6 iff 3 a jT~^i 6 such that e(a) ~ g°if and /°i<7~e(6) 

g 
(it means that there exists an / G L°(a, b), g G L (6, a) and two infinite sequences of arrows of 
higher order, one in L(a, a) and the other in L(b, o); all this data we will call arrows representing 
the given equivalence). □ 

~ is reflexive and symmetric, but may be not transitive. 

Lemma 1.1. If L is an oo-precategory such that 

o x is weakly associative: / °i (<? °i /i) ~ (/ °i g) °i ft (7or composable arrows), 

TT ' f f°iedf ~/ 

01 satisfies the weak unit law: V/ G JJ L™ < , 

„>i L ec/Oi / - / 

~ is compatible with o\ , i.e. (/ ~ g) & (/i ~ fc) =£- (/oj /i) ~ (<7°i fc) (/or composable arrows), 

~ is transitive in higher orders: i.e. there exists m > smc/i £/wj£ i/~ is transitive for ]J L™, 

n>m 

t/ien ~ is transitive in all orders. 

f f 

Proof. Let a '^^t b <dZi c be the given equivalences, i.e. ea ~ <?°i/ , eb ^ f o 1 g 1 eb~g'oif, 
9 9' 

f'oif 

ec ~ /' o x </. Then a ^ZTi c i s the required equivalence since ea ~ 5 01 / ~ <? oj (e& 01 /) ~ 

9°is' 

.9 °i ((5' °i /') °i /) ~ (.9 °i flO °i (/' °i /) an d similarly ec ~ (/' o x /) o 1 (g Ql #'). 
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□ 

Remarks. 

• Transitivity in higher orders trivially holds for n-categories (starting from level n), taking ~ 
as the identity. For proper oo-categorics it is better to make the assumption " ~ is transitive 
in all orders" from the beginning. 

• This lemma shows that although transitivity of ~ is not automatic for oo-precategories, it 
is indeed consistent with (weak) associativity, the unit law, and compatibility of ~ with 
composites. □ 

Definition 1.3. An oo-precategory L with relation ~ as above is called a (weak) oo-category 

iff 

• ~ is transitive: a~/3^7=>a^7, 

• ^ is compatible with all composites: (/ ~ g) & (h ~ k) =£- (/ o n h) ~ (g o n k) (when they are 
defined) , 

• horizontal composites preserve properties (l)-(2) and weakly preserve properties (3)-(4) of 
oo-precategories in the following sense: 

(1) grading deg L ( aia ,r)(iia,a',a"(f,9)) = deg L { a >,a"){f) = deg L ( a ^){g) 

(2) fl a ,a',a"(df,dg) = d/J, a ,a',a"(f,9), Va,a> .a" {cf, eg) = C/J, a ,a> ,a" (/, g) 

(3) Ha,a',a"(ef,eg) ~ efi a ,a',a"(f,g) 

(4) Ma,o',o"(/ °k f',g°kg') ~ Va,a',a"(f,g)°k Ma,o',o"(/' ',ff') (" interchange law" ) 

• each o fe , fc G N, is weakly associative: (/ o fe g) oj. /i ~ / o fe (g o fe ft,) (for composable elements), 

• The weak unit law holds: e k c h f o k f ~ /, / o fc e k d k f ~ / (when all operations are defined). 

□ 

Remarks. 

• ft is instructive to see what goes wrong if we attempt to consider a bicategory as an instance of 
this definition. One would think that we could obtain an example by defining ~ on 1-cells as 
isomorphism of 1-cells and as equality for 2-cells. However, the problem lies in the horizontal 
composition of 2-cells which would be required to be strictly associative, whereas in general 
the horizontal composite of 2-cells is not. 

• By lemma 1.1, for n-categories, the transitivity condition on ~ follows from the others. 

• Horn-sets in an oo-category L are oo-categories themselves, and horizontal composites * : 
L(b,c) x L(a,b) — > L(a,c), are oo-functors. 

• Since strict functors preserve the equivalences ~ for categories in which horizontal composites 
preserve identity and composites strictly, the compatibility condition on ~ with composites 
holds automatically. □ 

A category is called strict if the associativity and unit laws hold for elements (not just for ~ - 
equivalence classes) and horizontal composites preserve identities and composites strictly. Note 
that ~ still makes sense for strict categories. 

Proposition 1.1. In a strict oo-category L, arrows of degree n (i.e., L n ) form a 1-category with 
objects L , arrows L n , domain function d n , codomain function c". Observe that d, c : L n — * L n ~ x 
are 1- functors. □ 

Lemma 1.2. 

• In the strict oo-category L e k (f o n g) = e / o n +k c k g (when either side is defined). 

• ~ is preserved under ~ , i.e., if a )■ a ' is an equivalence with a' > o , its quasiinverse 

(i.e. ea ~ g o /, ea' ~ / o g), and if /' ~ / then g is quasiinverse of f as well. 
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/ 



• A quasiinverse is determined up to ~ , i.e. if a . g b and g' o x f ~ ea ~ g oj / and 

/ Oi #' ~ eb ~ / o! 5 i/ien g' ~ g. 

• 4ZZ n + 1 composites in End(e"a) := L°(e"a, e n a), n > coincide up to equivalence ~ . 

Proof. 

• Assume /, g G L m , m > n. Then / o„ g = Hd n g,c n g,c n f{f->g)i which preserves e. 

• ea~gof~ go /', ea' ~ fog~ fog. 

• 5' = 5' °i efr ~ 3' °i / °i .9 ~ .9 °i / °i 5 ~ .9 °i efe = .9- 

• / °«+i .9 = Ma,o,o(/, 3) ~ Va,a,a{f °fc e n+1 a, e n+1 a o k g) - (j, a ,a,a(f, e n+1 a) o k ii a , a , a (e n+1 a, g) ~ 
/°fc3, 1 < & <n + l. a 

Definition 1.4. An arrow (/ : a — ► a') £ £°(a, a'), deg(a) — deg(a') — m > 0, is called 

• monic if Vg, h : z — +aif/o 1 g~/o 1 /i then g ^ h 

• epic if Vg', h' : a' —> w i£ g' 01 f ~ hi o\ f then 5' ~ /i' 

• an equivalence if there exists f : a' —> a such that ed/ ~ /' °i / and ed/' ~ / oj /' D 

Proposition 1.2. For composable arrows 

• If fi9 are monies then f o\g is monic. If f oj g is monic then g is monic 

• If f,g are epics then f o\ g is epic. If f °\ g is epic then f is epic 

• If Ij9 are equivalences then f 01 g is an equivalence □ 

Proposition 1.3. All arrows representing equivalence a ~ 6 are equivalences. □ 

Definition 1.5. An oo-functor _F : i — > 1/ is a function which strictly preserves the following 
properties (l)-(2) of precategories: 

(1) if a G L n then F(a) G Z> 

(2) F(do) = dF{a),F{ca) = oF(a) 

and weakly preserves the following properties (3)- (4): 

(3) F(ea) - eF(a) 

(4) F(a o fc 6) ~ F(a) o fe F(6) D 

Remark. 

• We do not require the functor F to preserve equivalences ~ because it is not automatic and 
can be too restrictive. However, the functors preserving ~ are very important (e.g., see point 

1-2). 

• The inverse map F' for a bijective weak functor F is not a functor, in general. If F preserves 
~ then to say the inverse map F' is a (weak) functor is equivalent to saying F' preserves ~. 
The inverse of a strict functor is always a strict functor. □ 

Lemma 1.3. 

• Strict functors preserve equivalences ~ . 

• If functor F : L — > L' is such that each restriction on hom-sets F a ^ : L(a, b) — ► L'(F(a),F(b)), 
a, b G L°, preserves equivalences ~ , then F preserves equivalences ~ . 

• IfF : L^r L' is an embedding (injective map) such that Va, b G L° F a j, : L(a, b) — > L'(F(a), F(b)) 

F' 

is a strict isomorphism and inverse F' to codomain restriction of F : L > Im(F) < - > JJ 



F\ 

Jm(P) 



is a functor, then F reflects 
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Proof. 

• Each arrow presenting a given equivalence x ~ y is between a domain and a codomain which 
are constructed in a certain way only by composites and identity operations from arrows of 
smaller degree presenting the given equivalence and from elements x and y. A strict functor 
keeps the structure of the domains and codomains of arrows presenting the equivalence x ~ y. 
So, the image of arrows presenting an equivalence x ~ y will be a family of arrows presenting 
an equivalence F(x) ~ F{y). 

f 

• For arrows of degree > equivalences are preserved by assumption. Let a ~ b , a, b G L , 

9 

be an equivalence for objects in L, i.e. ea ~ 5 o^ / ', e6 ~ / o x y. Then there are two 

opposite arrows F(a) -f(^) • By assumption, F(ea) ~ F(go 1 f), F(eb) ~ F(foig). So, 

*Xs) 
eF(o) - F(eo) - F(y 0l /) - F(y) o x F(/) and eF(6) ~ F(eb) ~ F(/ 0l y) ~ F(f) 0l F(g). 

Therefore, F(a) Z F(b) is an equivalence. 

F(g) 

• The inverse of a strict isomorphism is a strict isomorphism, i.e. preserves equivalences. So, 
F' is a functor which preserves equivalences in all hom-sets and, consequently, preserves all 
equivalences. Preservation of equivalences for F' is exactly reflection of equivalences for F. □ 

Lemma 1.4. 

• x = y iff ex ~ ey /in particular, = is definable via ~ /. 

• Functors preserving ~ strictly preserve all composites o fc; fc > 1. 

• Functors weakly preserving e 2 strictly preserve e, i.e. e 2 F(a) ~ F(e 2 a) =>■ eF{a) — F{ea). 

• Quasiequal functors (i.e. F(f n ) ~ G(f n ) for all f n G L n , n > OJ are eg«aL 

Proof. 

• x = y => ea; = ey => ex ~ ey. Conversely, ea; ~ ey =4> dea; = dey => x = y. 

• Sufficient to prove eF(/ o fc y) - e(F(/) o fc F(y)), but it holds eF(/ o fe y) - F(e(/ o fe y)) ~ 
(F preserves ~) F((e/) o fe+1 (ey)) ~ F(e/) ° fc +i F(ey) ~ eF(/) o fe+1 eF(y) ~ e(F(/) o fc F(y)). 

• e 2 F(a) ~ F(e 2 a) => de 2 F(a) = dF(e 2 a) =4> eF(a) = F(ea). 

• Again, it is sufficient to prove eF(f n ) ~ eG(f n ). 

eF(f n ) ~ F(e/™) - (by assumption) G(e/ n ) - eG(/"). D 

Corollary, oo-categories in the sense of definition 1.1.3 are almost strict, namely, with strict 
associativity, identity, and interchange laws. 

Proof. Strict associativity and strict identity laws hold because, by the axioms, the functors 
L(x,y)xL(y,z)xL(z,t) ^ L(x,t) : (f n ,g n ,h n ) ^ (h n *g n )*f n &ndL(x,y)xL(y,z)xL(z,t) ^ 
L(x,t) : (f n ,g n ,h n ) 1— » h n * (y™ * /"), deg(x) = deg(y) = deg(z) = deg(t), are quasiequal, 
and, respectively, functors L(x,y) — ► L(x,y) : f h- > / and L(x,y) — ► L(x,y) : f 1— ► ey * /, 
deg(x) = deg(y) (similarly for the right identity), are quasiequal. The strict interchange law 
holds because the functor L(x, y) x L(y, z) : (/, y) 1— » y * / preserves ~. □ 

Definition 1.6. For two given functors F, G , an oo-natural transformation a : F — > G 
is a function a:L°^_L 1 :ai-^( F(a) >■ G(a) ) such that 

HF(a),F(b),G(b)(e k a(b), F(f)) ~ MF(a),G(a),G(6)(G(/), e fc a(a)) 
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for all/ e L k (a,b), fc = 0,l,... D 



Definition 1.7. For two given functors F, G and two natural transformations F , G 

an co-modification A : a — » /3 is a function A : L° — > L 2 : a h- > ( a(o) > /3(a) ) such that 

MF(o),F(6),G(6)(e fe A(6),F(/)) - MF(a),G(a),G(b)(G(/),e fc A(a)) 

for all/ei fe+1 (a,6), fc = 0,l,... D 

Analogously, modifications of higher order are introduced. We call modifications 1-modifications, 
natural transformations 0- modifications. 



Definition 1.8. Given two functors F, G, two 0-modifications F [ G 



* ^,0 <.,„„ „ _ 1 m „^ifi„„*i„„ „n-2 > „n-2 



two 1-modifications a 1 . a% ,..., two n — 1-modifications a" 



oo-n-modification a™ : a™ 1 — ► a^ X is a function a" : L° —> L n+1 : 
a h^ ( a™" 1 (a) ► a£~ 1 (a) ) such that 

MF(a), J F(b),G(6)(e fc a"(fo), F(/)) - ^(a),G(a),G(t)(G(/),e fe a n (fl)) 

for all/ei fe+n (a,6), fc = 0,1,... □ 

Corollary. All n-modifications in the sense of Definition 1.1.8 are strict, i.e. all naturality 
squares commute strictly. 

Proof. By the conditions in Definition 1.1.8, two functors a n (b)*F(-) : L^ n {a,b) -> L'^ n (F(a),G(b)) 

and G(— ) * a n (a) : L- n (a, b) — > L - n (F(a), G(b)) are quasiequal and, so, equal. 

□ 

Definition 1.9. oo-CAT is an oo-category consisting of 

• A graded set C = JJ C™, where C° are categories, C 1 functors, C™ (n — 2)-modifications 

n>0 

• if a n : a™" 1 -» a™" 1 £ C" then da™ = a" -1 , ca n = a™" 1 

• ea" £ C n+1 is the map L° -► L'("+!) : a h^ e(a n (a)) 

• for given two n-modifications a™, a™ such that d fc a" = c fc a™ 

„ o „ .__ f a ^ «(a) o fe a"(a)) if fc < n + 2 

a l0fc a 2 — J a ^ ( a n( F /( a )) 0(n+i) G(a"(a))) if fc = n + 2, F' = c^+^a™, G = d^+^a? 

The first composite works when a™, a™ £ oo-CAT(L, Z/), the second when a" G oo-CAT(L', L") 
a" £ oo-CAT(L,Z/), where L,L',L" are categories. □ 

Lemma 1.5. In oo-CAT there are two ways of taking horizontal composites (and they are equal): 
a n * (3 n := a n F' o n+1 G/3 n = G'/3 n o n+1 a"F (where F := d n+1 /3 n , F' := c" +1 /3", G := d" + V l , 
G' := c n+1 a n ). 
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G > F{a f^b>F>(a) 



Proof follows from the naturality square for a n a n (F(a)) 



a n (F'(a)) □ 




GF(a) ► GF'ta) 

Proposition 1.4. Categories, functors, natural transformations, modifications, etc. form the 
oo-category oo-CAT of oo- categories. □ 

Proof is similar to that for 2-CAT. 

• Horizontal composites preserve grading (obvious). 

• d, c, e are preserved for a similar reason, e.g., take d: (da n ) * (d(3 n )(a) := (da n )(F'(a)) o n 
G(d(3 n (a)) = d(a n {F'(a))) o n d(G((3 n (a))) = d(a n {F'(a)) o n+1 G([3 n {a))) = d{{a n * (3 n ){a)) = 
(d(a n * [3 n )){a) (where F' := c n+1 /3 n , G := d n+1 a n ). 

F G 

(interchange law) L F L' ° L" (*°y condition d k S n = c fc 7 ™, d k j3 n — c k a n , k < 

\uy 
pin 

all i 7 " s and G's are functors) 

(/?" o fe a n ) * {8 n o k 7 »)(o) := (/?" o fc a n )(J""(o)) o n+1 G{{8 n o k 7 ")( a )) = {[3 n {F'"{a)) o k 

a n (F'"(a))) o n+1 (G(<5"(a)) o fc G( 7 n (o))) = 

•(^(F'"(o)) o„ +1 G(<5"(a))) o fc (a"(F'"(a)) o n+1 G( 7 n (o))) - (*) 

n (F'"(a)) o n+1 (a n (F'"(a)) o n+1 G(S n (a))) o n+1 G( 7 "(a)) - (**) 
•(*) = ((/?« * 8 n ) o fc (a™ * 7 ™))(a) if k < n + 1 (in this case G = G", G' = G'", F = F", F' = F"') 
;(«) = p"(F'"(a)) o„ +1 (G'(5 n (a)) o n+1 a n (F"(o))) o n+1 G( 7 n (o)) = (**) 
(**) = ((/?" * ,5") o n+1 (a™ * 7 ™))(a) if fc = n + 1 (in this case F' = F", G' = G") 

• The associativity law for vertical composites and the identity law hold essentially because 
of the componentwise definition of vertical composites. The associativity law for horizontal 
composites is due to the interchange law and lemma 1.5. □ 

Definition 1.10. A category L is called an oo-n-category if U +l = e(L : ') for j > n. □ 

A quotient L/ ~ is not a category in general since ~ is not compatible with e. However, 

if we take the quotient only on a fixed level n and make all higher arrows identities we get 

oo-n-category lS- n \ n-th approximation of L. Generally there are no functors i(™) c >L , 

L » i( n ) (except for the last surjection if L is a weak oo-(n + l)-category and all (n + 1)- 

arrows are isomorphisms's). 

l.a. Weak categories, functors, natural transformations, modifications. 

As we saw above, using a weak language (substituting ~ for =) does not give a weak category 
theory. The only advantage was that we could deal with ~ instead of =, which is important 
for the classification problem (that still makes sense for strict oo-categories). All known defini- 
tions of weak categories [C-L, Lei, Koc] are nonelementary (at least, they use functors, natural 
transformations, operads, monads just for the very definition). Probably, this is a fundamental 
feature of weak categories. To introduce them we also need the whole universe oo-PreCat of 
oo-precategories . 
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Definition l.a.l. oo-PreCat consists of 

• oo-precategories (definition 1.1) together with ^-relation in each [~ may be not transitive], 

• oo-functors (definition is like 1.5 for oo-categories) , i.e. functions F : L —* V of degree 
preserving d and c strictly, and e and o fc , k > 1, weakly, 

• lax oo-n-modifications, n > 0, i.e. total maps a n : L — > L' (with variable degree on different 
elements, but < n + 1, more precisely, the induced map N — > N : deg(x) i— > (de<7(a n (x)) — 
deg(x)) is an antimonotone map, decreasing by 1 at each step from n + 1 at deg(x) = to 
1 at deg(x) = n and remaining constant 1 after) being defined for a given sequence of two 
functors i* 1 , G : L — > L' , two 0-modifications (natural transformations) a\, a 2 ■ F — > G, ..., two 
(n — l)-modifications a" - , a^ - : a™~ 2 — ► a 2 ~ 2 as a " : = 

' (a n (x) : a? -1 0*0 -» a^V)) e £' n (F(x),G(x)) a; G X° 

a"(x) := a n (e" +1 - fe x) e Z> +1 (F(d fe x), G(c fc x)) i£i* 

0<fc<n+l 

(a n (x) : a n (c n+1 x) o n+1 F(x) -» G(x) o n+1 a"(<f l+1 x)) G x £ Z7 l+1 

G L' n+1 (F(d n+1 x),G(c n+1 x)) 
(a n (x) : a n (cx) o x (ea"(c n+2 i) o Il+2 F(x)) -> x £ Z7 l+2 

(G(x) o n+2 ea"(d"+ 2 x)) Ql a n (dx)) G L'" +2 (F(d n+2 x), G(c" +2 x)) 

a"(x) : a n (cx) Dl (ea"(c 2 x) o 2 (eV l (c"+ 3 x) o„ +3 F(x))) -> x G L n+3 

((G(x) o„ +3 e 2 a"(d™+ 3 x)) o 2 ea n (d 2 x)) o x a n (dx) G i'" +3 (F(d"+ 3 x), G(c"+ 3 x)) 

a"(x) : x G L" +m 

a"(cx) °i • • • o m _ 2 (e TO - 2 a"(c ro - 1 x) o m _ x (e m - V l (c™+ m x) o„ +m F(x) )...)-► 

m — 1 

(. . . ( G(x) o n+m e m - 1 a n (d n+m x)) o m _ x e ro - 2 o n (d ro - 1 »)) ° m - 2 • • • 0l a"(dx) G 

rn— 1 

G L'" +m (F(d n+m x),G(c" +m x)) 

da" := q^- 1 , ca ™ : = a™- 1 [(cfa")(x) 7^ d(a n (x)), (ca")(x) ^ c(a n (x)) if de.g(x) > 0]. D 

Remarks. 

• oo-n-modifications look terrible but they are the weakest form of naturality (infinite sequences 
of naturality squares arising by considering naturality squares given by equations ei(x) ~ e 2 (x) 
which express ^-naturality in x. This leads to an infinite sequence of naturality squares). To 
deal with such entities a kind of operad is needed. 

• To give an n-modification a n is the same as to give a map a" | : L° — > L' of degree n + 1 

L° 

and Va, b G L° a natural transformation ^" 6 : a™ (6) * F(-) — ► G(— ) * a"(a) : L- n (a,b) — > 

L'^"(F(a),G(6)), where F = d" +1 a", G = c" +1 a n . 

• When a n (x), deg(x) > 0, are all identities (of the required types) oo-n-modifications are 
called strict. They are the usual modifications and composable as in definition 1.1.9 when 
the universe oo-CAT is strict (in that case strict modifications are weak as well). In a weak 
universe oo-CAT strict modifications need not to be weak (i.e. to be modifications at all). 

• 00-PreCAT is not an oo-precategory itself because there are no identities and composites 
for weak n-modifications. The problem here with identities and composites is not clear, for 
example if they exist at all without making either naturality condition or oo-catcgories stricter. 
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• In general, these two sides "categories and functors" and "n-modifications" form a strange 
pair. If we weaken one of these sides, the other one becomes stricter (under condition that 
oo-CAT is a (let it be very weak) category). So, the following hypothesis holds: 

There is no oo-CAT with simultaneously weak categories, functors, and n -modification. 

For example, if we want weak modifications and want them to be composable we need to 
introduce several axioms on categories, one of which is like ' Va, feci and V functors F, G : 
L-, V if 3 natural transformations a : fi*F(-) -► G{-)*g 1 : L^ n (a, b) -► L'^ n (F(a), G(b)) 
and (3: f 2 *F(-) ^G(-)*g 2 : L- n (a,6) -> L^ n (F(a),G(b)) and n+1-cells /i, f 2 and gi ,g 2 
are o k - composable then 3 a natural transformation (k- composite) 7 : (f\o k f 2 )*F(—) — ► G{—)* 
(51 °k 9i) '■ L- n (a,b) — ► L - n (F(a),G(b)) '. But such axioms make very special categories. 
From the other side, if we want categories to be weak we need to make stricter (maybe, 
strict) n-modifications in order that they would be composable. The problem is in existence 
of composites (and units) for weak n-modifications. 

• Instead of lax n-modifications we could use modifications with a n (x) being ~ for deg(x) > 
in L' . In both cases in order to make horizontal composites (at least, F * a n := F o SET a n ) 
we need functors preserving composites (or composites and ~), i.e. 'weak modifications' =>■ 
'strict functors'. 

• If the above hypothesis was true it would be nice, e.g. a universe where oo-Top lives would 
contain only strict n-modifications. □ 

Definition l.a.2. A weak oo-category L is an oo-precategory (see definition 1.1) such that 

• ~ is transitive x~y~z^~x~z, 

• horizontal composites * strictly preserve properties (l)-(2) of precategories 

(1) deg(x * y) — deg(x) = deg(y) if deg(x) = deg(y) (interchange law for degree) 

(2) d(x * y) = (dx) * (dy), c(x * y) = (ex) * (cy) if deg(x) = deg(y) (interchange law for domain 
and codomain) 

and weakly preserve properties (3)- (4) of precategories 

(3) e(x * y) ~ (ex) * (ey) if deg(x) = deg(y) (interchange law for identity) 

(4) (x o k y) * (z o k t) ~ (x * z) o k (y * t) if deg(x) = deg(y) — deg(z) — deg(t) (interchange law 
for composites) [o fc has smaller 'deepness' k than the given * = o n , n > k], 

• (weak associativity) 

Vcc,y, z,t E L n for two functors l x ,y,z,t '■ L(x,y)xL(y, z)xL(z,t) — ► L(x,t) : (/, g, h) ^> (h*g)*f 
and r Xi!/) 2 ; ( : L(x,y)xL(y,z)xL(z,t) —* L(x,t) : (f,g,h) ^ h*(g*f) 3 natural transformation 

• (weak unit) 

Vx,y s L n and functors u xy : L(x,y) —* L(x,y) : / ^ ey * f and u r x : L(x,y) — ► L(x,y) : 
/ 1— ► / * ex 3 natural transformations e x y : u x v ^> Id and e x y : Id — ► u x y . □ 

Remarks. 

• We do not introduce a universe oo-CAT with weak categories, functors and n-modifications 
because there are no (at least, obvious) units and composites for n-modifications (however, 
identity natural transformations exist if only the vertical composites of natural transformations 
are defined, for if F : L — > V is a functor take (eF)(a) :— e(F(a)), a G L° and by the weak unit 
law Va, b el°3a natural transformation v a ,b ■ e (F(b))*F(—) — ► F(— )*e(F(a)) : L-°(a,b) — » 

L'^°(F(a),F(b)), take V a , h := (e> r (o)iF(6) °1 4(a),F(b)) * F : = ( e F(a),F (b) °i e F (a),F(6)) °set F). 

The problem is what are the weakest conditions on categories, functors and n-modifications 
in order that they form a category. Maybe there are several independent such conditions and, 
so, several categories oo-CAT with weakest entities. 
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• To keep a usual form of (weak) associativity and (weak) unit we could introduce relations ~ 

k 

for elements of images of two functors F,G : L — ► L' connected by a natural transformation 
a : F — > G, namely a; ~ jf if ] z 6 L fc such that x = F(z), y = G(z). These relations are 

k 

not reflexive, symmetric or transitive. Then we could write associativity and unit laws as 
(x °k y) °k z ~ x o k (y o k z) and e k c k x o k x ~ x, x ~ x o fc e d x. Under assumption that 

fc— 1 k— 1 fc— 1 

composites and units exist in an oo-CAT we could choose more sensible piece of oo-CAT 
with categories in which ~ = ~ and all ~ are symmetric and transitive by the requirement 

Ok 

that (x x ,y,z,u e XtV , t r xy are equivalences. □ 

Examples 

1. 2- Top is a strict oo-2-category with 2-cells, as homotopy classes of homotopies, and just 
identities in higher order ( ~ on the level of objects means homotopy equivalence of spaces, on 
the level of 1-arrows homotopies of maps, and on the level > 2 coincidence). 2-Cat is similar. 

2. It is widely believed that oo-Top is a (weak) oo-category with homotopies between homotopies 
as higher order cells. It is hoped that this notion of (weak) co-category (as above) will be useful 
in clarifying this issue. Assuming this, we can give two further examples, as follows. 

3. oo-Diff is an oo-category of differcntiablc manifolds in the same way as oo-Top. 

4. oo-TopALg is an oo-category of topological algebras in the same way as oo-Top where each 
instance of homotopy is a homomorphism of topological algebras. 

5. oo-Compl is an oo-category of (co) chain complexes with (algebraic) homotopies for homo- 
topies as higher order cells (see [Lei] ). 

6. For a 1-category A, A equiv is a strict oo-2-category such that A° equiv = A , A\ quiv = < f € 



3ff 3H 

> • • > • 



A 



I 



f 



}. A %mv = {isomorphisms's | Vf,g G A\ qulv 3! / —^ 9 iff / 



-¥• • > • 



Vh Vh 

Aequiv contains all equivariant maps / : X — > Y with respect to a group homomorphism 
p : Aut(X) -► Aut(V). 
7. The (weak) covariant oo-Hom-functor L(a 7 — ) : L — > oo-CAT : 

b^L(a,b) beL° 

lf:b^b>)^(L(a,f):g^p(e k f,g)) f e L°(b,V), g € L k (a,b) 

(a : f — ► /') h^ (L(a, o):ih p[a, ex) a G L x (b, b'), x G L°(a, b) 

{5:a-,a')^> (L(a, S) : x .-> p(6, e 2 x)) 5 G L 2 (b, b'), x G L°(a, b) 

(a n : a ( l l ~ 1] -> a { ™~ 1] ) ^ (L(a, a n ) : x h-> p(a n , e"x)) a n G L n (b, b'), x G L°(a, b) 



The opposite category L op is an oo-category such that 

• (L°P) n = L n , n > 

( d(a n ) ifn>2 f c(a n ) if n > 2 

• d op (a n ) = \ V ; " c op (a n ) = <^ V ; 

v ; 1 c(a") if n = 1 I d(a") if n = 1 

• e°P = e 

f /?" o fc a™ if a™, /?" G L", fc < n , 

• a" o' a n = < (for composable elements) 

fe la"o fc /3™ if a n ,/3 n €L n , k = n 
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9. The (weak) contravariant oo-Hom-functor L(—,b) : L op — ► oo-CAT 



' a i— ► L(a, b) 
(f:a^a')~(L(f,b):g»»(g,e k f)) 

(a : f — ► /') i— ► (L(a, b) : x h^ \x(ex, a) 
(S : a — ► a') i— ► (£(<5, t):m [i(e 2 x, 8)) 



aeL° 

f eL°(a,a'), geL k (a',b) 
a e i 1 (a, a'), xeL a (a' 7 b) 
5eL 2 (a,a') 1 xeL°(a',b) 



(a" : a^ 



>-*) 



) h^ (L( a n , 6) : x h-» M (e"x, a")) a™ e L n (o, a'), a; £ L°(o', 6) 



L(— , a), a G X, where L is an 



10. The Yoneda embedding Y : L -> oo-CAT L °" 

oo-category. 

11. Set is simultaneously an object and a full subcategory of oo-CAT. 

12. A (big) set L^ := J J L™ , where L" are defined recursively as L^ := L° and L™ are all equiv- 

n>0 

alences from L" with domain and codomain in -L™ -1 , is a subcategory of i. Similarly, L^ := 

f i™ ' n<k 

Q £/L, fc > 0, where L? := <^ . . „_-, ~ , 

„>o ~ ' L equivalences from L n with dom and codom in L kr ^ n > k 

is a subcategory of L. From this point L^ = io~- Such categories are most important for the 

classification problem (up to ~). Sometimes, 'invariants' can be constructed only for L^, (see 

point 1.2.1). 

13. Higher order concepts can simplify proof of first order facts. E.g., each strict 2-functor 

$ : 2-CAT — ► 2-CAT, where 2-CAT is the usual strict category of categories, functors, and 

/. . . f eG o Grj = 1 G 

natural transformations, preserves adjunction indeed, triangle identities < 

\ I Fe o r/F = lp 

f fc(e)*(G) o$(G)$(ry) = 1 $(G) \ 
are respected by $ < .It gives short proofs of the following 

J \ $(F)$(e) o $(r?)$(F) = 1 ' 



*(F) / 

results. 

a) Right adjoints preserve limits (left adjoints preserve colimits). 

G l 



Proof. 




where (-) 1 = 2-CAT(I, -) : 2-CAT -> 2-CAT is a hom-2-functor. 

Now, G'oA = A o G (obvious). Taking right adjoints of both sides completes the proof 
Urn o F 1 ~ F o Zim (for colimits the same argument works F 1 o A = A o F =4> colim oG'~ 
Gocolim). □ 

b) i?ac/i l-Cat-wo/wed presheaf admits a sheafification (1-Cat is a category of small categories 
and functors between them). 

pop 

Proof. 1-Cat-valucd presheaf on C is the same as an internal category object in Set 

There is an adjoint situation Sh(C) c — — > Set c ° P m LEX, where LEX ^-> 2-CAT is a 

2-category of finitely complete categories, functors preserving finite limits, and (arbitrary) 
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natural transformations. There is a 2-functor CAT(— ) : LEX — > 2-CAT assigning to each 
category in LEX the category of its internal category objects and to each functor and natural 

transformation the induced ones. Then 3 an adjunction CAT(Sh(C)) > CAT(Set c ) 

which means that each 1-Cat-valued presheaf can be sheafified by the top curved arrow. □ 

1.1. Fractal organization of the new universe. 

Fractal Principle. Object A with properties {Pi}i has fractal structure if there are subob- 
jects {Aj}j which relate to each other in a certain way (express it by additional property P = : to 
have \J\ subobjects which relate in the certain way') and each Aj inherits all properties {Pi}jlkP. 

a 

In spite of its complicated structure, each oo-category and even oo-CAT itself, has a regular 
structure which is repeated for certain arbitrary small pieces. Such pieces are, of course, the 
hom-sets L(a,b) which inherit all properties (l)-(4), associativity and identity laws, and each 
piece of which still has the same structure. In particular, L(a,b)(c,d) = L(c,d). An co-functor 
restricted to such a piece is again an co-functor. Moreover, each co-category can be regarded as 
a hom-set of a little bit bigger category if we formally attach two distinct elements a, f3 G L^ 1 
with their identities of higher order e n (a), e™(/3), n > 1 (such that d(L°) = a, c(L°) = (3 and 
composites with these identities of other elements hold strictly). Other natural pieces of L which 
inherit all properties and arc co-categories are L- n , L- n (a, b) (elements of degree not lower than 
n). 

1.2. Notes on Coherence Principle. 

This principle is an axiom to deal with the equivalence relation ~. It is not logically necessary 
for higher order category theory itself. There can be categories in which it does not hold. 

Coherence Principle. For a given set of cells {a,i}i and a given set of base equivalences 
{tj({a,i}i) ~ Sj({a,i}i)}j for any two constructions i*i({aj}j) and i*2({ai}/) & n d any two derived 
equivalences e° : Fi({<n}i) ~ ^({oi}/), i = 1,2 there are derived equivalences e x m : e\ ~ e%, 
m G M 1 , such that for any two of them e 1 n± , e^ there are derived equivalences e 2 m : e 1 ni ~ e^ 2 , 
m G M 2 again such that for any pair of them e 2 ni , e 2 n2 there are derived equivalences of higher 
order, etc. □ 

Here constructions mean application of composites, functors, natural transformations,., to 
{a,i}i. Derived equivalences mean equivalences obtained from base ones by virtue of the categor- 
ical axioms. 

2. (m, n)-invariants 

Definition 2.1. 

• Equivalence x k ~ y k , x k ,y k G L k , k > 0, is called of degree I, deg(^) := I, I > 0, if all 
arrows representing it (starting from order k + I + 1 and higher) are identities and for I > 
there is at least one nonidentity arrow on level k + I. If there is no such I G N, deg(^) := co. 
Denote ~ of degree I by ~;. 

• A pair of equivalent elements x k ~ y , k > 0, is called of degree I, deg(x k ~ y k ) := I, I > 0, 
if the lowest degree of equivalences existing between x k and y k is I. 

• An oo-category L is called of degree 1, deg(L) = I, I > 0, if for any pair of equivalent 
objects a ~ a', a, a' G L°, there exists an equivalence a ^ k a' of degree k < I and there exists 
at least one pair of equivalent objects from L of degree /. 

• A Functor F : L — > L' is called (to, n)-invariant if F preserves equivalences ~ , m — deg(L), 
< n < deg(L') and F maps every pair of equivalent objects of degree < m to a pair of 
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equivalent objects of degree < n, i.e. deg(a ~ a') < m =4> deg(F(a) ~ F(a')) < n, and 
boundary n is actually achieved on a pair of equivalent objects of L. D 

Remarks. 

• (to, n)-invariants are important for the classification problem (up to ~). If n < to an (?ri, n)- 
invariant decreases complexity of the equivalence relation, i.e. partially resolves it. 

• There can be trivial invariants which do not distinguish anything and do not carry any infor- 
mation such as constant functors c : L — > V (although they are (deg{L), 0)-invariants). rj 

Examples 

1. deg(ea) = 0; deg(f : a ► a') = 1; deg(Set) = 1; deg(oo-Top) = 2; cfeg(oo-CAT) = 

isomorphisms 

oo(?). 

2. Homology and cohomology functors H*,H* : oo-Top — > Ab (trivially extended over higher 
order cells) are (2, l)-invariants. 

3. T^n/^ '■ -^*~ — * Grp is an (oo, l)-invariant (see proposition 2.1.2). 

4. Let X be a smooth manifold with Lie group action p : G x X ^ X, L be a category with L°, 
the set of submanifolds of X, L x {a, b) := {(a, g, b) e L° x G x L° \ p(g, a) = b}, L n := eL"- 1 
for n > 2, V be a category with L'° := C^iX^R) (smooth functions), L 1 (f, h) := {(f,g, h) G 
L'° x G x L'° I / o p(g- 1 , -) = h }, Z> := eL' 11 - 1 for n > 2. If F : L -> 1/ is a construction 
(functor) assigning invariant functions to objects from L then F is a (1, 0)-invariant. 

5. Each equivalence L — ► V is (deg , (L),deg(L'))-invariant with deg(L) — deg(L'). 

2.1. Homotopy groups associated to oo-categories. 

Let L be an oo-category in which * strictly preserves e and ~ (i.e. * is a strict functor). Denote 
by eqL := {/ € L 3g. edf ~ g o 1 /, edg ~ / oj </} the subset of equivalences of the oo-catcgory 
L. It may not be a category (because it is not closed under d, c, in general). 

Definition 2.1.1. Assume, L(I, -) : L -*■ oo-CAT, x e L°(I,a). Then ff^(a,x) := 

(L°(I,a),x) ifn=0 

Aut L(/!a) (e"- 1 a;) := eqL(I,a)(e n - 1 x,e n - 1 x) n (£(/, a))°(e™ _1 ^ e^x) = 

= eg J L(e"- 1 a;,e"- 1 a;)nL"+ 1 if n > 

are (weak) homotopy groups of object o at point x with representing object I € LP. □ 

7Tq (a, x) or 7Tq (a, x)/ ~ are just pointed sets, 7f^(a, x)/ ~, n > are strict groups. 

Remarks. 

• If L = oo-Top, 7=1 then 7r£(X,x) = [/"/(J™" 1 x 0) U (J™- 1 x 1),X]. The quotient map 
(jn-i x 0) U (7 n_1 xl)-» 5" induces a group homomorphism w n (X,x) — > 7f^(X, x). 

If L = oo-TopMan;, (the infinity category of topological manifolds with boundary as ob- 
jects, and homotopies relative to the boundary as higher order cells), 7 = 1 then tt^(X,x) = 
[jn/(jn-i x ) y (jn-i x 1), X] rel (&P) = [S n ,X] = n n (X,x) (i.e. formal homotopy groups 
coincide with the usual ones). 

• In the case when functors 7r^ are representable (by certain cogroup objects Sf) we call the 
representing objects Sf (formal) spheres. It makes sense to define (as usual) 7r^(a) := [Sf, a], 
but these two definitions will not always be equivalent. The first one is more internal, and the 
only external parameter is /. 
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• Any oo-functor F : L — > L' , preserving ~, induces (weak) group homomorphisms F] M : 
^n( a ) ~~* ^^{Fa). So, for example, every oo-equivalence between full subcategories of 
oo-TopMan 6 , preserving the homotopy type of 1, will preserve the (usual) homotopy groups. 

□ 

Definition 2.1.2. For a map / : a — > b such that fox = y, x G L°(I, a), y G L°(I, b) the in- 
duced map /* = TTn(f) : ^ I n {a 1 x) — > 7r^(&, y) is determined by restriction of the functor L(I, f) : 

L°(I,a)->L°(I,b):x'i-+fo 1 x' if n = 

Autx,(j i0 )(e n_1 a;) -> Aut L(Iib) (e n ~ 1 y) : g t-> w, a ,b(e n f,g) if n > □ 

Remark. To be correctly defined, induced maps 7r^(/) for n > 1 need commutativity of * 
with e. The first two "groups" -Kq(ci, x),Tr[ (a,x) always make sense and depend functorially on 
objects. □ 

Proposition 2.1.1 (homotopy invariance of homotopy groups). If x : I — ► a, f ~ /' G 
L°(a,b) such that /oji ~ f °i x is a trivial equivalence (all arrows for ~ are identities) then 
~<{f)l ~ = W)/ ~ = K(a,x)/ > ni(b, /oi)/~. 

Proof is immediate. D 

Proposition 2.1.2. 7r^/~: L*^ — ► Grp is an (oo, I) -invariant, where L*„ := JJ i™ 7 L*™ := 

n>0 

{L*™ (pointed objects and maps) n = 0, 1 

equivalences from L n with dom and codom in L*£ff n > 1 

Proof. The partial functor fc^/^ : L*° ]J i* 1 — > Grp is trivially extendable starting from equiv- 
alences on level 2 (because of proposition 2.1.1). □ 

Example (Fundamental Group) 

Let 2-Top be the usual Top with homotopy classes of homotopies as 2-cells. Define the 
fundamental groupoid 2-functor as the representable II(— ) := Horn 2_Top ( 1, — ) : 2-Top — » 
2-Cat : 

X — > n(X) 06(II(A)) are its points, Ar (II(X)) are homotopy classes of paths 

/ . f x H ^ /(• r ) 

(X — ► Y) i— ► II(/) transformation of fundamental groupoids, II(/) : < 

lbr[/° 7] 

(/ "^ /') ^ n([H]) nat. trans. U([H}) = {[H] * ij : Hom 2 . Top (l, f) -^ Hom 2 . Top (l, f) 

x£X 

(where {[H] * i x } — {[H(x, — )]} are homotopy classes of paths between f(x) and f'{x) natural 
xex xex 

in x G X). 

tti(X,xq) := Aut n (x)( a; o) ^ n(X) is the fundamental group of the space X at point Xo G X, 

m((X,x ) — > (Y,y )) := Aut n (x)(a;o) ► Aut n (y)(y )- 

Proposition 2.1.3. 

• // [H] :/^/':X-y is a 2-cell m 2-Top then 7ri(/')([7]) = [#(»(>, -)] ° Mf)(h}) ° 
[Hixo,-)}- 1 for all [7] G 7Ti(X,x ). 

• In the case [H] : f — -» f : (X,xo) — ► (^J/o) * s a pointed 2-cell ([H(xo, — )] = l/( Xo ) : f( x o) — * 
/(a*) = /'(so); */>en 7ri(/)=7ri(/'). 
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[H(x ,-)] 

f(xo) —^ f(x ) 



Proof follows from the naturality square n(/)([7]) 



n(/')(H) 



2.2. Duality and Invariant Theory. 

Proposition 2.2.1. Let K be Set, Top or Diff + (spectra of smooth completion (see 2.3) of 
commutative algebras with Zariski topology), G a group. Then there exists a concrete natural 

F 

dual adjunction ComAlg op t G-K with k (ffi. or C), its schizophrenic object, such that 

H 

k e Ob G-K has trivial action of G, and F o H : G-K — ► G-K is a functor "taking the quotient 
space generated by the equivalence relation x ~ y iff x, y £ Closurc(thc same orbit)" (it is 
essentially the orbit space). □ 

Definition 2.2.1. 

• The adjoint object Ax — HX for an object X in G-K is called the algebra of invariants. 

• If U : G-K — > G-K is an endofunctor then Ajj^x) is called the algebra of {/-invariants of 
the object X. □ 

Remarks. 

• For U = (— )™, the n-fold Cartesian product, Aij(x) is the algebra of n point invariants. 

• For K = Diff, U = Jet", Jet" (A) := {j%f \ f £ Diff(fc,X)}, the set of all n-jets of all maps 
from k to X at point (with a certain manifold structure obtained from local trivializations), 
we get differential invariants. 

• The functor U — Jet 00 : Diff — ► Diff + does not fit into the above scheme, but everything 
is still correct if U : G-K — > G-K! is an extension to G-K l7 a category concretely adjoint to 
ComAlg. 

• G can be, of course, Aut(X). 

According to Klein's Erlangcn Program, every group acting on a space determines a geometry 
and, conversely, every geometry hides a group of transformations. Properties of geometric objects 
which are invariant under all transformations are called geometric (or invariant or absolute) for 
the given G-space and a class of geometric objects. 

The equivalence problem [Carl, Car2, Vas, Olv, Gar] consists of a G-space X and two 
"geometric objects" Si,S2 of the same type on the space X. It is required to determine if 
these two objects can be mapped to one another by an element of G. An approach is to find a 
(complete) system of invariants of each object. 

2.2.1. Classification of covariant geometric objects. 

By covariant geometric objects we mean objects like submanifolds, foliations or systems of 
differential equations, i.e., objects which behave contravariantly (!) from the categorical viewpoint 
and which can be described by a differential ideal / {dl C /) in A(X), the exterior differential 
algebra of X. 

Proposition 2.2.1.1. Let G be a Lie-like group (i.e., there exists an algebra of invariant forms 
on G) [A-V-L, Carl, Car2]. Then any G-equivariant map a : G — > X (G is given with left shift 
action and X is a left G-space) produces a system of invariants of the differential ideal L C A(A) 
(with generators of degree and 1) in the following way: 
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Take the image Aj n „ := Im(Ai nv (G) <— » A(G) -» A(G) / a* (I)) , where Ai nv {G) is a subalgebra 
of left-invariant forms on G, a* : A(X) — + A(G) is the induced map of exterior differential 
algebras, a* (I) is the smallest differential ideal in A(G) containing the image of I under a*. 
Take the module A (G) • A} nv generated by 1-forms in Ai nv over A°(G). There is an open 
set O C G and a basis {u>" nv } a ^A C A\ nv for the module A°(G) • A\ nv restricted to O, i.e., 
Vuj l inv G A\ nv 3! functions /* G G°°(0) smc/i tftat wj™ = £ />•*„„■ Form sei J := {/*}. 



,/3 

xf3 inv 



(over O). Form the set J\ := {/Lj}. 



Take the expansion of differentials df % a = £ fafl 10 - 

a 

Continue this process to get J2 '■— {fa$-y}i ■ ■ ■ , Jn '•= {f l ai a„ +1 } • • • Form the set J := (J J„. 

n 

/is elements are relative invariants of the differential ideal I c A(X). 

Take the algebra Aj C C°°(0), generated by J, and take its smooth completion Aj (see 

3.2). Then the ideal R.el(.4j)> > Alg(J) * Aj > of all relations of Aj, gives absolute 



invariants of the differential ideal I C A(X), where Alg(J) is the smooth completion of the 
free algebra generated by J . 



Proof follows from the diagrams 

lg 

G >G 




Ai nv (G) i Aj nt ,(G) 



A{X)<- 



A(X) 



and equations u\ nv = £ fa^Tnv mod(a*(I)). 



D 



Remark. G-Diff(G,A) is in 1-1-correspondence with all sections of the orbit space Xq. 
So, if X is homogeneous then it is exactly the set of all points of X and a : G — > X = G -^* 



G x {x } 



G x X — ► X is a G-equivariant map corresponding to the point ij gX, where 



p is the given G-action on X . 

The following result can be found in [Lap]. Although not well-known, it is a fundamental 
classification of analytic geometric objects. 

Proposition 2.2.1.2 (Exterior differential algebra associated to a group of analytic 
automorphisms). Let X be an analytic n-dimensional manifold, An(X), its group of auto- 
morphisms, _ff°°(A) := {Jo°f I / G Diff(fc",A), X is analytic, Jacobian(f) ^ 0} 7 the oo-frame 
bundle over X (with a usual topology and manifold structure). Then there is an exterior differen- 
tial k-algebra Ai nv (H°°(X)) of invariant forms on H°°(X) freely generated by elements of degree 
1 obtained by the following process: 

• lo 1 :— % l -dx 3 are any "shift" forms on X 

• lo % ; are the most general solutions of Maurer-Cartan equations duf 1 



idj A uj 1 



\ik 



are the most general solutions of Maurer-Cartan equations dui] =uJAk 



- u> jk A w" 



" ^jkl' " ' > w ii...i„> ' ' ' 

All forms are symmetric in the lower indices. They characterize the underlying space o/An(A) 
uniquely up to analytic isomorphisms. □ 



Remark. At each point xq G X, w* = 0, and forms lo\ 



; =o ' 



n > 1, are free 

generators of the exterior differential algebra of the differential group acting simply transitively 
on each fiber of H°°(X). 
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2.2.2. Classification of smooth embeddings into a Lie group. 

This is often the last step of smooth classification of geometric objects [Car2, Fin, Kob]. The 
process of finding differential invariants is similar to that in Proposition 2.2.1.1. The following is 
essentially in [VasO, Vas, Lap]. 

Proposition 2.2.2.1. For a smooth embedding f : X — ► G of a smooth manifold X into a Lie 
group G, a complete system of differential invariants of f can be obtained in the following way: 

• Im(f* : Aj nv (G) — ► A(X)) is locally free, so, has as its basis u\ nv ,i = 1, . . . ,n, n = dim(X), 
near each point. 

n 

• Coefficients of linear combinations U){ nv — X) a l UJ \nv I = n + 1, . . . , dim{G), are differential 

»=i 
invariants of first order (of the map f '). 

n 

• Coefficients of differentials of invariants of first order daf — J^ a ii u, inv are differential invari- 

3 = 1 

ants of second order (of the map f). 

n 

«... Coefficients of differentials of invariants of (k — 1) order da\ i — ~^2 a i i ^Inv are 

differential invariants of order k . . . 

Such calculated invariants characterize an orbit G ■ f uniquely up to "changing the parameter 
space" X-Z+X'. □ 

2.3. Tangent functor for smooth algebras. 

This is an example of the dual construction for the main functor of Differential Geometry 

(which suggests how it can be extended over spectra of commutative algebras). 

Let T : Diff — > Diff be the tangent functor on the category of real co-smooth manifolds. In 

1 X ^TX ■.(x i )^{x\^) XeObBiS 

local coordinates it is of the form < „ ,,- 

1 / -> Tf : (/•(*)) - (,f (x), |^ e) fe ArBiS 

Diff ^ M-Alg op is a subcategory of the opposite of the category of real commutative algebras. 
Working in Diff, it is hard (if possible at all) to give a coordinate-free characterization of T. The 
question is how to characterize the image in R-Alg? 

Definition 2.3.1. Let A e 06K-Alg. 

• p : A — > Top(Spec R (^l),R) is called functional representation homomorphism of A, where 
Spec R (^4) = R-Alg(.4, M.) has the initial topology with respect to all functions p(a), a £ A, 
p(a)(f):=ev(f,a):=\f\(a). 

• A is called smooth if Voi, a 2 , •••, a n E A and V/ : M" — > M € C°°(R n ) the composite 

/o < p(a 1 ),p(a 2 ),...,p(a n ) > E Im(p). D 

Denote by M-Sm-Alg ^^ R-Alg full subcategory of smooth algebras. 

Lemma 2.3.1. M-Sm-Alg ^ R-Alg is a reflective subcategory, i.e. the inclusion has a left 
adjoint Sm : R-Alg — ► R-Sm-Alg, smooth completion of ' R- algebras. 

Proof. Just take for each R-algebra A M-algebra Sm(*4) of all terms {f(a\,...,a n )\f : R" — » 
R, ai, ..., a n E A} (all smooth operations are admitted). Each morphism / from an R-algebra A 
to a smooth algebra B is uniquely extendable to / : Sm(^4) — ► B. D 

Let Sym-Alg be the category of symmetric partial differential algebras. Ob (Sym-Alg) are 
graded commutative algebras over commutative R-algebras with a differential d : A — > A 1 of 
degree 1 determined only on elements of degree (d is R-linear and satisfies the Leibniz rule). 
Ar (Sym-Alg) are graded degree algebra homomorphisms which respect d. 
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Sym 

Lemma 2.3.2. There is an adjunction R-Alg J- Sym-Alg , 

Po 

( p (A):=A° 
where: po * s the projection onto the ^-component < . , , 

I Po(A A B) := (A° -^ fiO) 

Sym is t/ie functor forming the graded symmetric algebra over the module of differentials of 
the given algebra 

Sym(C) := Syn^A 1 ^)) 

Sym(C i P) := (Sym(C) -^ Sym(O)) 

ME ^...^(dci)* 1 • • • (dc fc )'*) := £ h(c i i... i *)(dft(ci)) <1 ■ ■ ■ (dft(cfc))'* D 



-Alg -^L> R-Sm-Alg 



Lemma 2.3.3. 




Spec, (smooth completion does not change spectrum). 



Top 



Proof. Va : .4 —> R 3! an extension a : Sm(^4) — ► R : /(ai, . . . , a„) i— ► /(a(ai), . . . , a(a n )). And 
conversely, each such a is restricted uniquely to a. Initial topology on R-Alg((Sm)(.A),R) does 
not change because new functions are functionally (continuously) dependent on old ones. □ 

Remark. With the Zariski topology on spectra, the smooth completion yields the same set 
with a weaker topology. For C°°(X), X G O&Diff the Zariski and initial topologies coincide. 



Proposition 2.3.1. • The tangent functor T : R-Sm-Alg — > R-Sm-Alg is equal to the composite 

R-Sm-Alg <-> I 
d and grading. 



Sm-Alg <-* R-Alg ym > Sym-Alg — ► R-Alg > R-Sm-Alg ; where U forgets the differential 



TX T(C°°(X)) 



To the canonical projection px 



there corresponds a canonical embedding 'c»(x) 
X C°°(X) 

Proof. 

• IfATeOfeDiff TA - Spec R (C/oSym(C 00 (X))) ~Spec R (Sm oC/oSym(C 00 (A:))). 

• This is immediate. □ 



Remark. It is reasonable to define T on R-Alg as T := U o Sym and transfer it to spectra 

F 
op ' 



-* , 



via duality R-Alg op ±J_ Spec R (as FoT°PoG). 

G 

3. Representable oo-functors 
Definition 3.1. exo-categories L and L' are equivalent if L <~ L' in oo-CAT. D 

F 

If equivalence L ~ V is given by functors L ~ L' then Va G L° a ~ G o F(a), Vb € L° 

G 
b ~ _F o G(6) naturally in a and 6. 

Definition 3.2. oo-functor F : L — > £' is (weakly) 
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• faithful if Va, a' G L° V/ n , g n G L n (a, a') F(f n ) ~ F(.g") =4> /" - .g", 

• full if Va,o' G L° V/i" e L n {F{a),F{a')) 3f n e L n (a,a') such that F(/") - /i™, 

• surjective on objects if V6 G L ° 3a G L° such that -F(o) ~ 6. 

Unlike first order equivalence, there is no simple criterion of higher order equivalence. 
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□ 



Proposition 3.1. If the functor L ■ 
and surjective on objects. 

Proof. " =>■" Regard the diagram (where G is a quasiinverse of F) 



-¥ U is an equivalence then F is (weakly) faithful, full 



e p a 




where: /" G L n (a,a'), e n p a G L n (a,G(F(a))), e n 9 a G L n {G(F(a)),a), n > 0. 

Take /",q" : a -> a' G L n (a,a') such that F(/™) - F(g n ). Then /" - e"f9 Q , o n+1 
G(F(f n )) o n+1 e n Pa ~ e™^ o n+1 G(F(g n )) o n+1 e n p a ~ <?", i.e., F is faithful (G is faithful 
by symmetry). 

Take a™ : F(a) -> F(a') G L' n (F(o),F(o')). Then /?" := e"(9 a , o„ +1 G(a") o n+1 e n p a : a -> 
a' G L n (a,a') is such that G(F(/3 n )) ~ G(a"). So, F(/3") - a™ because G is faithful. Therefore, 
F is full (G is full by symmetry). 

F and G are obviously surjective on objects. □ 

Remark. The inverse direction " ■£=" for the above proposition works only partially. Namely, 

Pb 

for each b £ L° choose G(b) G L° and equivalence b^^T ~ F(G(fy) (which is possi- 

ble since F is surjective on objects), moreover, if b = -F(a) choose G(6) = a, pb = eb, Ob = 
e(F(G(b))) = eb. For each f n :b->b'E L n (b,b') choose an element G(/ n ) G L n (G(b),G(b')) 
such that e™p&' o n+1 /" o n+1 e™0b ~ F(G(f n )) (which is possible since F is fully faithful). Then 
G : L' — > L is obviously a (weak) functor, a = G(F(a)) is natural in a by construction, but 
6 ~ F(G(b)) is natural in 6 for only first order arrows pb, Ob presenting ~. So, F should be 
somehow 'naturally surjective on objects' which does not make sense yet when the functor G is 
not defined. □ 

Definition 3.3. An oo-functor F : L — > L' is called 

• an isomorphism if it is a bijection (on sets L, L') and the inverse map is a functor, 

• a quasiisomorphism if there exists a functor G : V — ► L such that Va™ G £" G(F(a n )) ~ a" 
and V6™ G Z> F(G(b n )) ~ 6", n > 0. D 

Proposition 3.2. TTie notions of (functor) isomorphism and quasiisomorphism coincide. 



Proof. Each isomorphism is a quasiisomorphism. Conversely, if L v L' is a quasiisomor- 

G 
phism then Va™ G L™, n > 0, G(F(ea n )) ~ ea™. So, d(G(F(ea n ))) = dea n , i.e. G(F(dea n )) = 
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dea n and G(F(a n )) = a n (instead of d, c could be used). The same, V6™ G l/™, n > 0, 

F(G(b n )) = 6™. D 

Denote (quasi)isomorphism (equivalence) relation by ~ . 

Examples (isomorphic oo-categories) 

1. Assume, /" — ^— > g n are isomorphic elements of degree n (in a strict category L) then 

L(f n ,f n ) ~ L(g n ,g n ) are isomorphic oo-categories. Indeed, there is an isomorphism F 1 : 
L(f n ,f n ) ~^ L(g n ,g n ) : x i— > a * (x * a -1 ), where * means a horizontal composite, F 1 is a 
functor. Its inverse is G : L(g n , g n ) — ► L(f n , /") : y h^ a -1 * (y *a). [For a just an equivalence, 
it is not true] 

2. oo-CAT(L(— , a),F) ~ F(a) (see below, the Yoneda Lemma). D 

Definition 3.4. Two n-modifications a n ,(3 n : L — > oo-CAT, n > 0, are called quasiequiv- 
alent of depth k, < k < n + 1, (denote it by a™ «& /?") if their corresponding components 
are quasiequivalcnt of depth k — 1, i.e. Va 6 i° a™ (a) «fe_i f3 n (a). «o nieans ~ by definition. 
[In other words, a n «& [3 n if all their components of components on depth k are equivalent, 
i.e. a n «o P n if they are equivalent a n ~ /3"; a" «i /3" if their components are equivalent 
Va G L° a" (a) ~ /3™(a); a n «2 /?" if components of all components are equivalent; etc.]. If 
a n 1 [3 n : L — ► L' are proper n-modifications (living in oo-CAT) for them only «o and ~i make 
sense. □ 

Lemma 3.1. 

• «fc is an equivalence relation. 

• W fcl =*> «fc 2 «/ fci < &2 • 

• //a" « fe /?" f/ien da" = d/3", ca n = c/3". 

• If {Li^kt), (L2,~k 2 ) are two oo-categories (not necessarily proper, i.e. living in oo-CAT J 
for which given equivalence relations make sense for all elements, and F : L\ —> L2, G : L2 — > 
L\ are maps (not necessarily functors) such that V/i G L\ G{F(l\)) ps/^ l\ and V/2 G £2 
F(G(h)) ~k 2 h, and F,G both preserve d (or c) then F,G are bisections inverse to each 
other. 

• For L,L' G Ob (oo-CAT) and a £ L° the map ev a : oo-CAT(L,L') -> V : f n ^ f n (a) is a 
strict functor. [Similar statement holds when L, V are not proper, e.g. oo-CAT, but we need 
to formulate it for a bigger universe containing oo-CAT/ 

Proof. The first two statements are obvious. The third one follows from the fact x ~ y =>■ 
dx = dy, ex = cy and that d, c are taken componentwise. The fourth statement follows by the 
same argument as in the proof of proposition 1.3.2. The last statement holds because, again, all 
operations in oo-CAT(L, £/) are taken componentwise. □ 

Remark. For the proof of the Yoneda lemma, a double evaluation functor is needed. For 
two functors F,G : L — ► oo-CAT take the restriction of the evaluation functor ev a on the hom- 
set between F and G, i.e. ev aFfi : oc-CAT(L, oo-CAT) (F, G) -> oo-CAT(F(a),G(a)) : f n i-> 
f n (a), where oo-CAT is a bigger (and weaker) universe containing oo-CAT as an object. Now, 
take a second evaluation functor ev x : oo-CAT(F(a), G(a)) — ► G(a) : g n 1— ► g n (x), x G (F(a))°. 
Then the double evaluation functor is the composite ev x o\ev a F,G '■ oo-CAT(L, oo-CAT) (F, G) — ► 
G(a) : f n i-> f n (a)(x). It is a strict functor. □ 

oo-CAT-valued functors, natural transformations and modifications live now in a bigger uni- 
verse oo-CAT, and we do not yet have for them appropriate definitions. 
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Definition 3.5. oo- CAT- valued functors, natural transformations and modifications are 
introduced in a similar way as the usual ones by changing all occurrences of ~ with (one degree 
weaker relation) wi, i.e. 

• a map F : L — ► oo-CAT of degree is a functor if F strictly preserves d and c, Fdx — 
dFx, Fcx — cFx, and weakly up to «i preserves e and composites, Fex f»i eFx, F(a;o fe y) «j 

• For a given sequence of two functors F,G : L — ► oo-CAT, . . . , two (n — l)-modifications 



, n — 1 „ n — 1 



, n-1 



,n-2 



,n-l 



strict (or weak) n-modification a™ : a" — ► a^" ~ is a map 

a™ : L° — oo-CAT™ +1 such that Va,6 G L° a n (b) * F(-) «i G(-) * a n (a) : L^ n (a,b) -► 
i - n (F(a), G(b)) (components of values of functors are equivalent). □ 



Definition 3.6. A covariant (contravariant) functor F : L — > oo-CAT is 

• weakly representable if 3a G L° such that L(a, — ) ~ F (L(— ,a) ~ F). It means there is 
an equivalence of two oo-categories L(a, b) ~ F(b) (L(b, a) ~ F(b)) natural in 6, 

• strictly representable if there exists a G L° such that F(a, — ) ~ F (F(— ,a) ~ F), i.e. 
Vb <E L° 3 an isomorphism L(a, 6) ~ F(b) (L(b, a) ~ F(b)) natural in 6. D 

Lemma 3.2. For given representable L(—, a) : L op — ► oo-CAT anrf functor F : L op — ► oo-CAT 

• a/Z natural transformations r° : L(— , a) ^ F are of the form Vo G 06L f/ie b-component is a 
functor r° : L(6, a) - F(6) 7 r°(/ ro ) - F(/ m )(r a °(ea)), /"• e L™(&, a), 

• a// n-modifications r™ : L(— , a) — > F, n > 1, are o/ ifte /orm Vfo G 06L t/ie b-component is a 
(n - 1) -modification r™ : L(b,a) -► F(6), r 6 "(/°) - F(/°)(r™(ea)) ; /° G L a (b,a). 



Proof : follows from the naturality square /" 



i L(o 


,a) 


-^F( 


a) 


L(/"\a) 






f(/ 


■> L(b 


,a) 


-^■P 1 


&) 



') n > 



a 



Lemma 3.3. For a awen n-cell (3 n G (F(a))™ ; n > 0, n-modification r™ : L(—,a) 
that r™(ea) = [3 n exists and unique up to « 2 • 



F smc/i 



Proof:. Uniqueness follows from lemma 1.3.2, existence from the definition of n-modification 
T b(f m ) := F(f m )(P n ) (f° r n > 0, m — only) and the naturality square showing correctness of 



the definition 



i L(b 


,o) 


■^F 


b) 


L(g k ,a) 






F(g 


z L(c 


,o) 


:^ F 


c) 



f it ( ■F rri n^\ u ( „max(m.k) — m fm e> max(m,k)—k n k\\ 

\H'C,b,a\J ?y ) • — h i c.b,a\V J •> C " // 



D 



Corollary 1. All n-modifications r" : L(—,a) 
F(/°)(r a "(ea)), f°€L°(b,a). 



F, n > 0, have strict form r"(/°) 



□ 



Corollary 2 (criterion of representability). A oo-CAT- valued prcsheaf F : i op — ► 
oo-CAT is 
• strictly representable (with representing object a G LP) iff there exists an object [3° G 

(F(o))° such that V7™ G (F(6)) rl , n > 0, 3! n-arrow (/" : b -*■ a) e L"(6,a) with 7™ = 

F(D(/3°), 
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• weakly representable (with representing object a E L°) iff there exists an object (3° E 
(F(a))° such that V6 G Ob L the functor L(b,a) -► F(6) : /" h-> F(/")(/3°) is an equivalence 
of categories. 
(Similar statements hold for a covariant presheaf F : L — > oo-CAT) □ 

Proposition 3.3 (Yoneda Lemma). For the functor F : L op — ► oo-CAT and i/ie object 
a E L° 7 i/iere is a strict isomorphism oo-CAT(L(— , a), F) ~ -F'(a) natural in a and F. 

Proof. Strict functoriality of the correspondence t" i— > r"(ea) is straightforward (because it is 
a double evaluation functor). The map /?" h^ F(— )(/3 n ) is quasiinvcrse to the first map (with 
respect to «2 and = equivalence relations in oo-CAT(L(— , a), F) and F(a) respectively), and it 
strictly preserves d and c. So, these both maps are strict isomorphisms. 

F oo-CAT '(£(-, a), F) — =-► F '(a) 



Naturality is given by 



„*(/«>) 



oo-CAT(L(-,/ m ),a' c ) 

6 G oo-CAT(F(-, 6), G) — ^ G(6) 

(where a k (f m ) := V F{a ),F(b),G(b)(e max{k ' m) ~ k a k ,e max ( k > m ^- m+1 F(f m )), k,m > 0) □ 

Remark. The Yoneda lemma for oo-categories is similar to the one for first order categories 
with the difference that elements /?" G (F(a))™ of degree n now determine higher degree arrows 
(n-modifications) (3 n : L(— , a) — > F in a oo-CAT-valued presheaf category. □ 

Proposition 3.4 (Yoneda embedding). There is a Yoneda embedding Y : L — > oo-CAT L : 
a k^ L(— , a), a G £, which is an extension of the isomorphisms from the Yoneda lemma deter- 
mined on hom-sets L{a,b), a,b G L . The Yoneda embedding preserves and reflects equivalences 

Proof. By the Yoneda isomorphism for a given /" G L n (a,b), the corresponding n-modification 
is L(—,b)(f n ) : L(—,a) — ► L(—,b) which is the same as L{— ,/") : L(—,a) — * L(—,b); i.e. the 
functor Y:L — > oo-CAT L : a h^ L(— ,a), a E L, locally coincides with isomorphisms from the 
Yoneda lemma. By lemma 1.1.3 this functor preserves and reflects equivalences ~ . □ 

Remark. Under the assumption that the category oo-CAT of weak categories, functors and 
n-modifications exists, all the above reasons remain essentially the same, i.e. the Yoneda lemma 
and embedding seem to hold in a weak situation. □ 

4. (Co)limits 

Definition 4.1. An oo-graph is a graded set G = ]J G™ with two unary operations d, c : 

n>0 

]J G n -> V\G n oi degree -1 such that d 2 = dc, c 2 = cd. □ 

n>l ra>0 

Definition 4.2. An oo-diagram D : G — > L from oo-graph G to oo-catcgory L is a function 
of degree which preserves operations d, c. □ 

Proposition 4.1. All diagrams from G to L, natural transformations, modifications form an 
oo-category Dgrm G L in the same way as the functor category oo-CAT(L', L). □ 

For a given object a G L° the constant diagram to a is A(o) : G — ^ L : g i— > e"a if 5 G G™. 
A : L — > Dgrm G L is an oo-functor. 

Denote {e}cn := {a, ea, e 2 a, ..., e™a, ...}, a E L. 
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Definition 4.3. Diagram D : G — > L has 

• a limit if the functor Dgrm G L (A(— ), D) : L op — > oo-CAT is representable. 

If v : L{—, a) — — > Dgrm G L (A(— ), D) is an equivalence then 

v a ({e}ea) C Dgrm G L (A(a),D) is called a limit cone over D, a is its vertex (or diagram 

limit HmD), v a (ea) are its edges, v a {e k a), k > 1, are identities 

• colimit if functor Dgrm G L (D, A(— )) : L —> oo-CAT is representable. 

If v:L(a,-) — — >Dgrm G L (D, A(-)) is the equivalence then 

is a ({e}ea) C Dgrm G L (D, A(a)) is called colimit cocone over D, a is its vertex (or diagram 

colimit colimD), v a (ea) are its edges, v a (e k a), k > 1, arc identities □ 

Remark. The conditions on equivalence v in the above definition can be strengthened. If it 
is a (natural) isomorphism then (co)limits are called strict and as a rule they are different from 
weak ones [Borl]. 

Proposition 4.2. For strict (co)limits the following is true 



> Dgrm G L 




• Strict right adjoints preserve limits (strict left adjoints preserve colimits). 

Proof. 

• It is immediate from definition 4.3 and proposition 5.1. 

• The argument is the same as for first order categories (see example 13, point l.a) [the essential 
thing is that a strict adjunction is determined by (triangle) identities which are preserved under 
oo-functors] . □ 



Examples 

1. (strict binary products in 2- Top and 2-CAT) They coincide with '1-dimcnsionaP products. 

A 



The mediating 2-cell arrow is given componentwise 




2. ("equalizer" of a 2-cell in 2-CAT) [Borl] For a given 2-cell A ZJE* B in 2 - CAT its strict 

G 
limit is a subcategory E ^ A such that F(A) = G(A) and a^ = 1f(A) : F{A) — ► G(A) (on 
objects), and F(f) = G(f) (on arrows). 
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3. (strict and weak pullbacks in 2-CAT) [Borl] Let V be a "2-dimensional" graph 1 







with trivial 2-cells, F : V — ► 2-CAT be a 2-functor. Then its limit is a pullback diagram 



F(l) x F(0) F{2) 



in 2-CAT 



PL 



F{2) 

F(y) 



When the limit is taken strictly F(l) Xpim 



F(l) 



F(x) 



■*F(P) 



F{2) coincides with the "1-dimensional" pullback, i.e. F(l) x F(0 ) F(2) <-► F(l) x F{2) is a 
subcategory consisting of objects (A,B), A E ObF(l), B E ObF(2), F(x)(A) = F(y)(B) 
and arrows (f,g), f E ArF(l), g E ArF(2), F(x)(f) = F(y)(g). When the limit is taken 
weakly F(l) X F (o) F(2) is not a subcategory of product F(l) x F(2). It consists of 5-tuplcs 
(A,B, C,f,g), A E ObF(l), B E ObF(2), C E ObF(0), f : F(x)(A) ^C, g: F(y)(B) ^ C 
are isomorphisms, with arrows (a,b,c) 7 a : A — ► A', b : B — ► B' , c : C — > C" such that 
co/ = f oF([x)(a), cog = g' oF(y)(b). Projections Pi,P2,P3 are obvious. The pullback square 
commutes up to isomorphisms / : i^(x) o pi => P3, 5 : ^(y) °P2 ^* J>3- D 



5. Adjunction 

Definition 5.1. The situation £, <-L Z/ (where Z, Z' are oo-categories, F, G are 00- 

G 
functors) is called 

• weak oo-adjunction if there is an equivalence L{— ,G(+)) ~ L'(F{— ),+) : Z op x Z/ — ► 
oo-CAT (i.e. L(a, G(6)) - L'(F(a), b) natural in a e Z°, 6 6 l/°), 

• strict oo-adjunction if there is an isomorphism L(— ,G(+)) ~ L'(F(— ),+) : Z op x Z/ — > 
oo-CAT (i.e. L(a, G(6)) ~ L'(F(a),b) natural in a e Z°, & e Z,'°). D 

Proposition 5.1. T/ie following are equivalent 

F 

1. L <-L_ Z/ *s a strict oo-adjunction 

G 

2. V& E L L'(F(—),b) is strictly representable 

3. Va E L L(a,G(—)) is strictly representable 

Proof. 

• 1. =>■ 2., 3. is immediate 

• 2. =>■ 1. From the criterion of strict representability (see point 1.3) it follows that \/b E 
L'° there exists a "universal element" (/?° : F(G(b)) -> b) E L'°(F(G(b)),b) such that 
V(/" : F(c) -> b) E L' n (F(c),b) 3! n-arrow (g n : c -> G(&)) e L n (c,G(b)) with /" = 



G(&) 
■f 



F(G(6))— ^.& 



l J -F(c),F(G(b)),b{e n l3 bl F(g n )) 3|g „ ; F(g n) 




F(c) 



G(&) 



F(G(6))^^6 



Consequently, V (/" : 6' -> 6) e Z "(&', 6) the diagram holds G(/ n ) 1 



F(G(/")) 



G(&') 



F(G(6'))— ^6' 

e Pi,/ 
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It shows that assignment Ob V 3 6 i— ► G(b) £ Ob L is extendable to a functor G : V — > L (in 
an essentially unique way) and that [3 : FG — > 1l> is a natural transformation (counit e of 
the adjunction F ^ G). 

F(G(6))— ^;6 
Isomorphism (p c t : L'(F(c),b) — > L(c,G{b)) such that F(<p cb (f n )) / i s natural in 



c £ 06L, 6 <G (96 L' because of the naturality square 




L'(F( C ),6)-^L(c,G(6)) 



L'(F{g n ),r) 



L(g",G(D) 



L'(F(d),b')—^L(c',G(b')) 



<Pc>,b> 

(indeed, Wi" £ L n (F(c),b) G(f n ) * <y9 c , b (/i") * 5™ - ¥V ,&'(/" * h n * F{g n )), where * is the 

$*F(G(f n )*<p c , b (h n )*g n j ~ /"*e"/3 6 °: 



horizontal composite, since e n (3%,*F(G(f n ) *^ Ci6 (/i")* 5 ") - /™*e n /3£*F(v? c ,b(/i n )) *F( 5 ") 



f n * h n * F(g n )) 

• 3. =>• 1. is similar to 2. =>• 1. D 

Remark. The analogous statement for a weak oo-adjunction is not true. In the above proof 
"universal elements" were used in an essential way. □ 

F 

Definition 5.2. For a given strict oo-adjunction L <J___ V 

G 

• universal elements Eb ■ F(G(b)) — > b representing functors L'(F(—),b) (b £ Ob V is a parame- 
ter) form a natural transformation e : FG — * 1l> which is called the counit of the adjunction, 

• Universal elements r\ a : a — > G(F(a)) representing functors L(a, G(— )) (a G 06 L is a parame- 
ter) form a natural transformation 77 : 1l — > GF which is called the unit of the adjunction. 

□ 
Remark. For a weak 00- adjunction no useful unit and counit exist. □ 

Proposition 5.2. 

• For both weak and strict adjunctions: the composition of left adjoints is a left adjoint (the 
composition of right adjoints is a right adjoint). 

• For a weak (strict) adjunction, a right or left adjoint is determined uniquely up to equivalence 
~ (up to isomorphism ~j. 

Proof. 

F F' 

• If L ^T"^ U ^ L" then L"(F'Fl, I") ~ L'(Fl, G'l") ~ L(l, GG'l") (composite of natural 

G g' 

equivalences). [For a strict adjunction the same reason works] 

• Assume, L'(a, G'b) ~ L(Fa, b) ~L'(a, G6) are natural equivalences then L'(—, G'b) ~i'(— , G6) 
is a natural transformation (equivalence) natural in 6. Then, by the Yoncda embedding, 
G'6 ~ G6 naturally in 6, i.e. G' ~ G. [Again, changing ~ with ~ still works]. D 

F 

Proposition 5.3. For a strict adjunction L <-L, £' ^ e Kan definition and the definition via 

G 
"unit-counit" coincide, i.e. the following are equivalent 
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• tp a ,b '■ L{a, G(b)) ~ L'(F(a), b) : f* ab natural in a G L°, b G L , 

• 3 natural transformations rj : 1^ — > GF and e : _FG — ► 1l' satisfying the triangle identities 
eF o x Fi] — lp and Ge o 1 r\G — 1q. 

Proof. For a strict adjunction, the same proof as for first order categories works. 

• Universal elements r\ a ^b for functors L(a,G(—)),L'{F{—),b) mean that they are images of 
^F(a), 1(3(6) under functors <p* F(a) ,(p G (b).b , i-e. FGFa £F " > Fa Gb — ^> GFGb 



-F)j a 



If," I, 



Fa 



Define maps 



(strict equalities) 
Va, b (f n ) ■= e"(e b ) °n+i F{f n ), F G ^ n (a, G(6)) 

<&(0 n ) : = G (ff") °n+i e "(%), g n e L' n (F(o), 6) 



I Ge 6 
4- 

G6 



They are functors 



¥>a,6 := e b * F(-) : L(a, G{b)) -> L'(F(a), 6) 



and inverses to each other: 



<6 : = G(-) * Va : L'(F(a), 6) - L(a, G(6)) 
V:, 6 (¥'a f 6(/ n )) - ^. h (e"£fc °„+i F(/ n )) = G(e"e 6 o n+1 F(/")) o n+1 e «r? - e n G(e b ) o n+1 
(GF(/") o„ +1 e n 7j ) = e"G( £6 ) o n+1 (e"r, G(b) o n+1 /«) = e" +1 G(6) o n+1 /" = /", and similar, 

¥>a, 6 « 6 (ff n )) - <?"■ 

L(a,G(6))-^^L'(F(a),6) 

Naturality (e.g., of <£ ai b) follows from the square L(x m ,G(y m )) L'(F(x m ),y m ) 

L{a',G{b')) 1 ^L'{F{a'),b l ) 

(<p a , !b ,(L(x m ,G(y m ))(f n )) = <p a , fi ,{G{y m ) * /" * x m ) = ^ * FG(y m ) * F(f n ) * F(z m ) = 
y m *e h * F{f n ) * F(x m ) = L'(F(x m ), y m ){<p a ,b(f n )), where n = or m = 0). D 



1. Every usual 1-adjunction A^ 
B. 

2. Gelfand-Naimark dual 1-adjunction C*Alg op 
(see 9). 



Examples of higher order adjunctions 

B is an oo-1-adjunction for trivial oo-extensions of A and 



CHTop is extendable to oo-2-adjunction 



A op 



3. Quillcn theorem [Mac]. Let A be a category of finite linearly ordered sets, Set the category 
of simplicial sets, Ho(Top) := (2-Top)W, Ho(Set A °") := (2-Set A ° P )W. Then 



->Top 




Ho(Set 



Ho(Top) 



□ 



So, the top adjunction is actually a 2-adjunction (or oo-2-adjunction). 
All the above adjunctions are strict. 
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6. Concrete duality for oo-categories 

Duality preserves all categorical properties. It is significant that concrete duality for oo- 
categories behaves the same as for 1-categorics. 

Definition 6.1. 

• Duality is an equivalence L op ~ L' . 

G 

• A Concrete duality over B c —* oo-CAT is a duality L op Z L' such that there exist 

F 

(faithful) forgetful functors U : L -> B, V : L' -► B and objects A e L°, B e L'° such that 
. U(A) ~ V[B), 



V 0l G~ L(-,A), Uo x F°p ~L'(-,B) 



L°p > V 



L(-,A) 



L°p > L 



L'(-,B) 



Representing objects A E L°, B G L° are called dualizing or schizophrenic objects for 
the given concrete duality [P-Th]. 

[for a concrete dual adjunction the definition is similar] □ 

Proposition 6.1 (representable forgetfuls => concrete dual adjunction). Let (L,U), 

G 

(L' , V) be (weakly) dually adjoint oo-categories L op sj_. L' with representable forgetful functors 

F 

U ~ L(A , -) : L -»• B, V ~ L'(B , -):I'-»B (where B <-*■ oo-CAT is a subcategory). Then 
this adjunction is concrete overM with dualizing object (A,B), where A := F(Bq), B := G(Aq), 



U(A) ~ F(B) 

y 0l G-L(-,i) ; Uo 1 F°p~L'(-,B) 



L°p > V 



L(-,A) 



F °p 
L op > £ 



L'(-,B 




Proof. 

• U(A) = UF(B ) ~ L(A , FB ) ~ L'(B , GA ) - FGAq = FB 

• VG(-) - L'{B , G(-)) - L(-, FBo) = £(-, i) (and similar, UF(-) ~ L'(-,B)) D 

Remarks. 

• Concrete duality as above should be called weak. Strict variants of definition 6.1 and propo- 
sition 6.1 also exist (by changing ~ to isomorphism ~ and weak dual adjunction to the strict 
one). 

• (Weak or strict) concrete duality (dual adjunction) is given essentially by hom-functors which 
admit lifting along forgetful functors (to obtain proper values). Representing objects of these 
functors have equivalent (or isomorphic) underlying objects. 

• For the usual 1-dimcnsional categories B = Set c —* oo-CAT (oo-1-subcategory). For dimension 
n, as a rule, B = ra-Cat ^-> oo-CAT (oo-n-subcatcgory of small (n — l)-categorics). D 



• 



• 
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6.1. Natural and non natural duality. 

Definition 6.1.1. 

• For hom-set L(A,A) and element (x : Aq — > A) G L°(Aq, A) the evaluation functor at the 
point x is ev A , x ■= L{x,A) : L(A,A) -> L(A ,A) {evA, x eB 1 ^ oo-CAT 1 ). 

Similarly, the evaluation (n — l)-modification eVA, x n , n — 1, 2, . . . , for x n G L n (Ao, A) is 
L(x n ,A) £M n (L(A,A),L(Ao,A)). 

For a forgetful functor V : L' -► B an arrow /" : V(Y) -> V(F') G B"(F(F), V(F')) is called 
an L'-arrow if 3$™ : F -► F' G i'"(F, F') such that V($ n ) = /". 

A lifting of horn-functor V oG ~ L(-,A) is called initial [A-H-S] if VA G L° VF G L° V/" : 
V(F) -» i(A,i) G B n (V(F),L(,4,i)) /" is an L'-arrow iff V(x™ : A -» A) G L"(A ,A) 
ev A , X " °n+i /" : ^(F) -> L(A ,I) G B"(F(F),L(A ,i)) is an L'-arrow. 

• If liftings of horn- functors VoG ~ L(— , A), t/oi* 1 ~ Z/(— , B) are both initial, then the concrete 

G 
dual adjunction £°p t____ 1/ , if it exists, is called natural [Hof, P-Th], and otherwise, non- 

F 

natural. □ 

Even if UA ~ VB and VA G L°,B G Z,' B-objects £(A,i), L'(B,B) can be lifted to Z/,L, 
the horn- functors L(—,A), L'(—,B) need not (which happens only if lifting of the assignments 
A h^ L(A, A), B i— ► L'(B,B) can be extended functorially over all cells). 

We introduce the following concept. The initial lifting condition for the evaluation 
cones 

{ev A , x n G M"(L(A,A),L(A Q ,A))}2 n %l n{AoA) ,{evB,yn G V n (L'(B,B),V(B ,B))};^ {B ^ B) 
consists of the following requirements: 

• hom-categories of the form L(A, A), L'(B, B) G Ob (B) can be lifted to L', L 

• evaluation cones 

{evA, x n€M"(L(A,A),L(A ,A))}^ Ln(AoA) , {ev B , v n eB»(L'(B,B),L'(B ,B))}^, B(1}oil}) 



can be lifted to {ev A , x n G L n (G(A), B)}^ , {ev B , v n G L n (F(B),A)}" n 



sL"(a ,a) ' \y v v, y » v- ~ v- ^-" J v;„» 6L '»( BoiB ) 



in 



• V.f" 6l"(VI,L(A,l)) /" isi'-arrowiffVx™GL™(Ao,A) /j,(ev A , x n, f n ) GM n (VX,L(A ,A)) 
is L'-arrow (and, symmetrically, Vg n G B"([/F, Z/(B, B)) g n is an L-arrow iff Vy™ G L' n (B Q ,B) 
n(ev B , y n, g n ) (=M n (UY, L'(B , B)) is an L-arrow) D 

In the following proof, we denote lifted evaluation maps by evA, x (or something similar) and 
underlying evaluation maps in B by \evA. x \- 

Proposition 6.1.1. If two strict oo- categories L,L' concrete over B ^-> oo-CAT with repre- 
sentable (strictly faithful) forgetful functors U = L(Aq, — ), V = L'(Bq, — ) have objects A G 
L°,Be L'° such that 

• UA~VB 

• the horn-functors L(-,A) : L°p -*■ B, L'(-,B) : L'°p -*■ B s<rf«s/y i/ie initial lifting condi- 
tion for evaluation cones 

G 

then there exists a natural strict concrete dual adjunction L op . T L' L(A, FB) ~ 

^ -" nat. iso 
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L'(B, GA) \. v \. u with (A, B) its schizophrenic object. 




Proof. 

• L(A,A), L'(B,B) arc lifted to L',L by the assumed condition. 

• Let /" e L n (A,A'), then L(f n ,A) : L(A',A) -» L(A,i) is an L'-arrow since ev A ,a" °n+i 
£(/",!) := i(a",i) o„ +1 L(f n ,A) = L(f n o n+1 a n ,A) =: e«A',/»o B+1 a», which is liftable 
Va™ G i"(j4o,A). Therefore, L(f n ,A) is an L'-arrow, and similarly, L'(g n ,B) is an L-arrow, 

G 
i.e., there exist maps L op V , which are obviously functorial. 

F 

Why do they give an adjunction? 

• (unit and counit) 1-arrow (unit) tjb ■ B — > GFB is given by \t]b\ ='■ Vt]b ■ \B\ — > |G.FB| : 
6 .-» [evs,6 : FB -> I], 6 £ |B| - L'(B ,B), \GFB\ = L(FB,A), \ev B ,b\ : |FB| -> |I|, 
|FB| = L'(B,B), \A\ = L(A ,A) ~ L'(B ,B). Why can |?j B | be lifted to L'? Take the 
composite with evaluation maps |et>^B,c| °i |?7b|(&) = l e-u FB,c|( eu B,&) — |e^B,fe|(c) = |c|(6), 
where c e \FB\° = L'°(B,B) = L a (A a ,FB), b e \B\ n . So, |ew F B, c | oj_ \r) B \ = \c\ is an 
L'-arrow. Therefore, \r) B \ is an L'-arrow. The counit is given symmetrically e A — > FGA, 
\e A \ : \A\ -> |FGA| : a ~ [ev^.a : GA - B], |A| = L(4>,A), |F<M| = £'(GA,B), |etu,„| : 
|GA| -> |B|, |GA| = L(A,A), \B\ = L'(B ,B) ~ L(A ,A). By the same argument \e A \ is an 
L-arrow. 

• (triangle identities) Ge A °i Vga — ^ga, Fr/s °i £fb = Ifb- It is sufficient to prove them for 
underlying maps. Since forgetful functors are faithful this follows. 

\Ge A \ 0l \ VGA \ I \l GA \, where \ VGA \ : |GA| - |GFGA|, \GA\ = L(A,A), \GFGA\ = 
L(FGA,A), e A :A^> FGA, \Ge A \ : \GFGA\ -» |GA|. 

Take (/" : A -*■ i) € |GA| = i"(A,i), a m e \A\ = L m (A ,A). Two cases are possible 
Ua) (f n ,n> 0) & (a ) : ||G^| 0l |?7GA|(/ n )|(a ) = \L{e A ,A)(ev GA , f n)\(a°) = \ev GA , f no n+1 

\(b) (/°) & (o n ,n > 0) : HGe.il o x |r, G ^|(/°)|(a") = \L(e A ,A)(ev GAJ o)\(a n ) = \ev GAJ „ 0l 
((a) e n e A \(a°) = \ev GA jn\ o n+1 e n |eA|(a°) = \ev GA jn\(ev Ate n a o) = \ev A ^ a a\(f n ) = |/ n |(a°) 

\(6) s A \(a n ) = \ev GA jo\o 1 \e A \(a n ) = \ev GAJ o\(ev A , a n) = \ev A , a n\(f°) = \f°\(a^ 

,L ffn o n„0\ _ \\-t „ .\(fn\\(„0\ 



(a) =: V L A „ A Af\e"J) J\\l GA \(.r>, ia<>) 



A ,A,A 

l A Q ,A,A 

The second triangle identity holds similarly. 



(b)=:^ A Ae n f°,a n ) = \\l GA \(f°)\(a n ) 



• (naturality of r/s, £ A ) Again, it is sufficient to prove naturality for underlying maps 

(a) (b n e \B\ n ,n > 0) & (/° e L'°(B,B')) 



\B\-^U\GFB\ 



|/| \GFf\=L(Ff.A) Two cases are , 

I { (b) (6°e |B|°) & (/"ei"(B,B')) 

B'| — -> |GFB'| 



Mi 



(ft) 



(6) 



Why 
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-> eVB,b" 



\B\ 



\B'\ 



-4 \GFB\ 



\GFf°\=L(Ff°,A) 

>\GFB'\ 



\Vb'\ 



0\/un^ 



\f°\(b 



ev B ,b~ o n+1 e n (Ff°) 
II 
11 = 

> eVB>,\f»\(bn) 



-> e«B,e™6° 



|B| ^ IGFBI 



in 



IB'I 



\GFf n \=L(Ff n ,A) 

— >\GFB'\ 



Wb' 



in(6°)h 



eUB,e"6" °n+l (F/ n ) 

II 
11 = 

S-e«S',|/"|(6°) 



(recall |/"|(6°) = M (.f\ e"6°), |/°|(6") = »(e n f°, 6")) 

(a) evB,bn°n+ie n (Ff°) = ev B >,\f°\(b") ? 

(b) ev B ^ b a o n+1 (Ff n ) = ev B >,\fn\(bP) 

Take underlying maps: 

((a) \ev B ,b*\ o n +i e n \Ff\(h n ) = \ev B ,b»\(h n °„+i e"/°) - |/i" o n+1 e n f\(b n ) = 

1(6) |ev B)e n6o| o n+1 \Ff n \(h°) = \ev B ,enbo\(e n h° o n+1 p) = \e n h° o n+1 /«|( e «6°) = 
((a) = \h n \ o n+1 \e n f°\(b n ) = \ev B >,\f°\(bn)\{h n ), h n g L n (B',B) 

\(6) = e n \h°\o n+1 \f n \(e n lfi) = \ev B , t \f nm \(h Q ) 1 h°GL'°(B',B) 

(the types of the above arrows are Ff : FB 1 — ► FB, ev B .b '■ FB — ► A (L-map), ei>B', i/i(6) 
FB' -► i (L-map), |ew B , 6 | : £'(B,B) -► |B| = L'(B Q ,B), |ev B /,|/|( 6 )| : L'(B',B) -» |B| = 
£'(B ,B), |F/| : L'(B',B) - L'(B,B), |F/| = L'(/,B)). 

Therefore, r/ B is natural. Similarly, s A is natural. 



(isomorphisms-functors £(A, FB) 



«— . 



L'{B,GA) 



^ £ f 0a,b(/") := G(/«) o„ +1 e"(^ s ), /" g L"(A, FB) 
Define < , 

1 ^,b(9") == F(9 n ) °n+i e"(£A), <? n G X "(B, GA) 
Letg" g Z>(B,GA). Then ^,s(^ B (ff n )) := G(Fg n o n+1 e n (e A ))o n+1 e n (r lB ) = e"(Ge A )o„ +1 
GF 5 " o n+1 e"(77B) = e"(Ge A ) o n+1 e n ( VGA ) o n+1 g n = e n (l GA ) o n+1 g n = 

nat. of t\b triangle id. 

e n+1 {GA) o n+1 g n = g n . Similarly, ^ iB (^, B (/ n )) = /",/" e L n (A,FB). A , B , 6* AB 
are obviously functors. So, they are isomorphisms, 
(naturality of 0a, b, Q* a b ) We need to prove the diagram 

A B L(A,FB)^^L , (B 1 GA) 



A' 



B' 



L(x n ,Fy n ) 

L(A',FB') 



L'(y n ,Gx n ) 

$L'{B',GA') 



commutes. 



CONCRETE DUALITY FOR STRICT oo-CATEGORIES 



35 



L'(y n ,Gx n ) o n+1 e n A ,B = e n A >,B' °™+i L(x n ,Fy n ) 

' (a) (/° e L(A, FB)) & (x n , y n , n > 0) 
. (b) (/" e L(A, FB),n > 0) & (x°, y°) 

/° I ► e"G(/°) o n+1 e n ( V B) 



Two cases are: 



(a) 



(b) 



Gx n o n+1 (e"G(/°) o n+1 e n (r ]B )) o n+1 y» 



= II ? 



\ 



Fy" o n+1 e"/° o„ +1 x™ I > G(Fy n o n+1 e™/° o n+1 x n ) o„ +1 e"^,) =||(w is nat.) 






rh 



Gx" o n+1 e"G/° o n+1 GFy" o n+1 e«(^ B , 
► G(/™) o„ +1 e"(?7s) 



/ 



„™„,0 



e"Gx u o„ +1 (G(/") o n+1 e n (r, B )) °n+i eV 

II 
= II ? 



\ 



♦ \ 

e"Fy° o n+1 /" o„ +1 e n x° I > G(e"Fy° o„ +1 /" o„ +1 e"x°) o n+1 e n (r lB ,) =\}( V b is nat.) 

11 I! 

e"Gx° o„ +1 G/" o n+1 e^GFy o n+1 e"^') 



Therefore, L and L' are concretely dually adjoint. This correspondence is natural (by condi- 
tion) and strict (6a,b and 9* A B are isomorphisms). D 



Corollary. Concrete natural duality is a strict adjunction. 

Well-known dualities [P-Th, Bel, A-H-S] 



□ 



All dualities below arc of first order, natural [P-Th] , and obtained by restriction of appropriate 
dual adjunctions. 

Vec fc (-,fc) 

1. Vecfe is dually equivalent to itself Vec^ p ~~ ^ j_ ~^ Jj Vec^ , where Vec^ is a category of 

Vec fc (-,fc) 

vector spaces over field k 

2. Set op ~ Complete Atomic Boolean Algebras 

3. Bool op ~ Boolean Spaces (Stone duality), where Bool is a category of Boolean rings (every 

CRing(-,2) 

element is idempotent). It is obtained from the dual adjunction CRing "~ ^ I ^ ^ Top , 

Top(-,2) 

where 2 is two-element ring and discrete topological space. CRing(A, 2) c > 2 A (subspace 

in Tychonoff topology) 



36 G.V. KONDRATIEV 

4. hom(— ,R/Z) : CompAb op ~ Ab (Pontryagin duality), where CompAb, Ab are categories 
of compact abelian groups and abelian groups respectively 

5. hom(-,C) : C*Alg°P - CHTop (Gelfand-Naimark duality), where C*Alg, CHTop are cat- 
egories of commutative C*-algebras and compact Hausdorff spaces. C*Alg(^4, C) c > C A 

(subspace in Tychonoff topology) 

7. Vinogradov duality 

Let K be a commutative ring, A a commutative algebra over K, A-lsAod <— » K-M.od be the 
categories of modules over A and K respectively. 
Definition 7.1. [V-K-L] For P, Q G Ob(A-Mod) 

• if-linear maps 

1(a) := a ■ -,r(a) := - ■ a,5{a) := 1(a) - r{a) : K-Mod(P,Q) -► K-Mod(P,Q) are called 
left, right multiplications and difference operator (by element aei), 

• A if-linear map A : P — > Q is a differential operator of order < r if Vao, ai, . . . , a r € A 
<$o ,ai,...,a r (A) = 0, where <J O0(Ol ,... lOr := <5a ° &n ° • • • ° S ar . D 

Lemma 7.1. 

• // Ai G K-M.od(P, Q), A2 G .fiT-Mod((2, P) are differential operators of order < r and < s 
respectively, then A 2 o Ai : if-Mod(P, R) is a differential operator of order < r + s, 

• Va G A, P G Ofe (^4-Mod) module multiplication (by a) l a : P — > P : p 1— > ap is a differential 
operator of order 0. □ 

The differential operators between A-modulcs form the arrows of a category ^4-Diff , such that 
A-Mod <^-> A-Diff <—* K-M.od, and the first two categories have the same objects. A-Diff 
is enriched in (K-M.od, 0k ) and enriched in two different ways in (A-Mod, (&k), except that 
composition is not an A- module map. Module multiplication for the first enrichment A-Diff in 
(A-Mod,® K ) is given by A x A-T>iff(P,Q) -> A-T>i«(P, Q) : (a, A) n| a oA, for the second 
enrichment by A x A-Diff (P, Q) -> A-Diff (P, Q) : (a, A) ^ A o i a . Denote A-Diff with left 
module multiplication in hom-sets l a o — by the same name A-Diff and with right multiplication 
in hom-sets — o l a by ^4-Diff + . 

Proposition 7.1. 

00 00 

• VP, Q G 06 (A-Mod) 4-Diff (P, Q) = (J Diff s (P,Q), 4-Diff + (P, Q) = (j Diff+(P,Q) are 

s=0 s=0 

filtered A-modules by submodules of differential operators of order < s, S = 0, 1, ..., 

• VP G (96 (A-Mod) A-Diff (P, P) is an associative K-algebra. □ 

Proposition 7.2. 

• Diff s (P, ), Diff+(-,P) : A-Mod -► ,4-Mod are A-Unear functors, 

• VP G 06 (,4-Mod) functor Diff+(-,P) is representable by object Diff+(P) := Diff+(A,P) ; 
i.e. VQ G 06 (.4 -Mod) A-Mod(Q,Diff+(P)) -^» Diff+(Q,P), 

• VP G Ob (A-Mod) functor T>iS s (P, -) is representable by object 3et s (P) -~ A® K Pmodfi s+1 , 
where /j, s+1 is a submodule of A<S>k P generated by elements 5 a ° o- • -oS as+1 (a®p) [5 b (a®p) := 
ab®p-a®bp], i.e. VQ G 06 (A-Mod) A-Mod(Jet s (P),Q) -^» Diff s (P, Q), 

• inclusion ^4-Mod <— » A-Diff is an (enriched) left adjoint with counit ev : Diff (P) — > P : 
A ^ A(l), i.e. VA G Diff+ (Q,P) 3!/ A G A-Mod(Q,Diff+(P)) sweft that 
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and this correspondence is A-linear, /a : Q l— * (a l— * A(ag)) 7 

inclusion A-Mod <— ► A-Diff is an (enriched) right adjoint with unit j°° : P — ► Jet°°(P) : p i— > 

1 (gipmod^ 00 [p°° := H p s ], i.e. VA G Diff (P, Q) 3!/ A G A-Mod(Jet°°(P), Q) swc/i i/iaf 

s=0 




and i/izs correspondence is A-linear, f : (a ® p) mod^f 00 h^ aA(p), 

• subcategory A-Mod is reflective and coreflective in A-Diff (enriched in K-M.od). □ 

Vs G N introduce two full subcategories of A-Mod: 

• A-Mod-Diff s , consisting of all A-modules of type Diff s (P, A), P G Ob (A-Mod), 
A-Mod -Jet s , consisting of all A- modules of type Jet s (P), P e Ob (A-Mod). 



• 



Proposition 7.3 (Vinogradov Duality). For a commutative algebra A there is a concrete nat- 
ural dual adjunction A-Mod-Diff ° p y J- A-Mod- Jet* , s G N, obtained by restriction 

A-Mod(-.A) 

of A-Mod op - 1 - A-Mod . A is a schizophrenic object. D 

A-Mod(-,A) 

Remarks. 

• The above duality theorem is not stated explicitly in [V-K-L] but the result is implicitly there. 

• The above proposition states a formal analogue of duality between differential operators and 
jets over a fixed manifold X . Geometric modules of sections of vector bundles over X cor- 
respond to modules P over C°°(X) with the property |") /i x P = 0, where jjl x is a maximal 

xex 
ideal at point x G X. Functors Diff s (— , A) and Jet s (— ) preserve the module property to be 
geometric [V-K-L]. 

• This duality is an alternative (algebraic) way to introduce jet-bundles in Geometry (instead 
of the classical approach due to Grothcndicck and Ehresmann as equivalence classes of maps 
which tangent of order s at a point). When A = C°°(X) and P is a geometric module 
realizable as a vector bundle V(P) over X, then Jet s (P) is realizable as 3et s (V(P)) over X 
in the classical sense [V-K-L, Vinl, Vin2]. □ 

8. Duality for differential equations 

Proposition 8.1. Let UAlg be a category of universal algebras with a representable forgetful 
functor. Then every topological algebra 21 is a schizophrenic object (see [P-Thjj, and so yields a 
natural dual adjunction between UAlg and Top. 

Proof. 

• The initial topology on UAlg(B,2l) gives the initial lifting with respect to evaluation maps 
ev B , h : UAlg(P,2l) -> |St|, b G \B\. 

• The algebra of continuous functions Top (X, 21) is initial with respect to the evaluation maps 
evx,x '■ Top(X, 21) — > |2l|, x G \X\ (which are obviously homomorphisms) since operations in 
Top(A", 21) are pointwise and each arrow / G Top(V, 21) is completely determined by all its 
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values evx.x(f) — \f\( x ), x G \X\. Hence, if g : \B\ — ► Top(X, 21) is a Set-map such that \/x G 
\X\ ev x , x °9 is a homomorphism, (u>„(ev x<x ° g)h, —, {ev x , x ° g)K = ev x , x o gui n b\, ..., b n = 
BV XtX u> n gbi, ...,gb ni where u> n is an n-ary operation. The first equality holds because ev x ^ x og 
is a homomorphism, the second equality because ev x . x is a homomorphism) , then g is a 
homomorphism since two maps whose values coincide at each point coincide themselves. □ 



Corollary. Take UAlg= fc-A-Alg, the category of exterior differential algebras over a field k 
(R or C). These are thought of as presenting "generalized differential equations". Take 21 = 
A(C°°(R n )) or A(C" iJ (C™)) (which acts as a parameter space) with a topology not weaker than 
jet°°. Then there exists a natural dual adjunction fc-A-Alg op a__. Top (between differential 
equations and their solution spaces). □ 



Remark. If we regard the category fc-A-Alg whose forgetful functor is representable, we will 
get a lot of extra "points" which do not have geometric sense. Only graded maps of degree 
to 21 have geometric sense (they present integral manifolds of dimension not bigger than n) . In 
this case, the representation of exterior differential algebras, when it exists, will not be via their 
solution spaces but via much bigger spaces. If we restrict fc-A-Alg to only graded morphisms of 
degree then the forgetful functor is not representable. But the notion of "schizophrenic object" 
still makes sense and the theorem for natural dual adjunction [P-Th] still holds. So, there is a 
representation of exterior differential algebras via their usual solution spaces. □ 

We denote concrete subcategories of Top dual to categories fc-Alg (algebras over k) and 
fc-A-Alg (exterior differential algebras over k with graded degree morphisms) by alg-Sol and 
dif f-Sol respectively, i.e., fc-Alg op ~ alg-Sol, fc-A-Alg op ~ dif f-Sol. In particular, alg-Sol 
contains all algebraic and all smooth fc-manifolds (k = R or C), dif f-Sol contains all spaces of 
the form alg-Sol(fc™, X) (with representing object 21 = A(C°°(fc n ))). 

Lemma 8.1 (rough structure of dif f-Sol). 

n 

• Ob (dif f -Sol) are pairs (X, \J T t ) where X:= fc-A-Alg(D, k) = fc-Alg(D, k) G O6(alg-Sol) 7 

i=l 

Ti G alg-Sol(fc% X), 1 <i <n [T{ are not arbitrary subspaces o/alg-Sol(fc 4 , X)]. 

• Ar (dif f-Sol) are pairs (/, fj alg-Sol(fc\ /)) : (X, fj T t ) -> (X', fj T[) where f : X -> 
X' G Ar (alg-Sol), alg-Sol(fc l , /) : T t -> T[, \ <i <n. □ 



Proposition 8.2. There are the following adjunctions 

Afc 

• fc-Alg J- fc-A-Alg where A^ is the free exterior differential algebra functor, po is 

Po 

the projection onto the subalgebra of degree-0 elements, 

hom(fc",- ) 

• alg-Sol t dif f-Sol where b is the base space functor, 

b 
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such that 



fc-A-Alg 



diff-Sol 




alg-Sol 



Proof. 

. fc-A-Alg(A fc (A), D) — ^ k-Alg(A, Po (D)) 



(natural in A and D) 



p\ >Po 

where po is the O-coniponcnt of graded degree homomorphism p = (§) pi 

i>0 



diff-Sol(S',hom(fe™,A)) 



(natural in 5* and X) 



/H 



^alg-Sol(6(5),A) 

6 

>f 

n 

where: 5 is a pair (b(S), ]J Ti), T{ C hom(fc% b(S)), 1 < i < n, right / : 6(5*) — > X is a usual 

i=\ 

map, and left / := (/, fl hom(F,/)) : (fe(5), fl Ti) -► (A, fl hom(fc%A)). 

i— 1 i— 1 i— 1 

The above square of adjunctions is immediate. □ 



8.1. Cartan involution. 

For systems in Cartan involution (as defined below) a (single) solution can be calculated 
recursively beginning from smallest dimension. By Cartan's theorem [BC3G, Carl, Fin, Vas] 
every system can be made into such a form by a sufficient number of differential prolongations 
[BC3G, Carl, Fin, Vas]. There is a cohomological criterion for systems to be in involution. 

Definition 8.1.1. Let A £ Ob (k- A- Alg) , 2l„ be A R (C 00 (R™)) or A C (C"(C™)), n > 0. 

• Any (differential homomorphism of degree 0) p : A — > 2t„ is called an integral manifold of 
A (of dimension not bigger than n). 

• deg (p : A — ► 2l„) = m, < m < n, iff p can be factored through a 7 : A —> 2t m , i.e., 



A- 



■■> 2L 




and m is the smallest such number. 



2l„ 



• deg {A) = n iff maximal degree of integral manifolds of *4 is n. 

• A, deg(A) = n, is in Cartan involution iff for each m-dimensional integral manifold p : 
A — ► 2l m , m < n, there exists an (m + l)-dimcnsional integral manifold (3 : A — > 2l m +i which 
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a 3/3 or 



contains p, i.e., 



n 



2l„ 



Remarks. 

• 2to is just k (R or C) with the trivial differential, p : A — > 2lo corresponds to a point 
6 (p) : b (A) — ► fc. Each point of .4 is a 0-dimensional integral manifold. 

• The original Cartan definition was for classical algebras (quotient algebras of AR(C"(IR Ar ))) 
and in terms of 'infinitesimal integral elements' (nondiffercntial homomorphisms of degree 
/ : A — > Afe(<iT 1 , ..., dr N )) [BC3G, Carl, Fin]. For that case, the two definitions coincide. 

• By a number of differential prolongations (adding new jet-variables with obvious relations), 
every classical system can be put into Cartan involution form (E. Cartan's theorem). 

• The integration step (constructing an integral manifold of 1 higher dimension) is done by the 
method of "Cauchy characteristics" . □ 

Proposition 8.1.1. Let A be a quotient algebra of Ar(C"(K jv )) 7 deg(A) = n, corresponding 

£i) ► X = b(F(A)) = = = Jet 9 (R"+ fe ) 

to a system of differential equations ^^ w ^^ , dim(X) = N . 




Then A is in Cartan involution iff the following Spencer <5-complex is acyclic: 
> ff W ► g {r -^ ® A^R") — S -^ 5 ( r - 2 ) A 2 (R n ) — ^-> • • 



S —> .g( r -™) ® A n (R") > 

where g^ := T(Jet r (£ c ')) f| Vir q g Xr-i ^ S q+r (TJL n ) <Z> Vir is r-th prolongation of symbol 
9> rftr-i : Jet q+r (R n+k ) -> Jet <?+r_1 (R"+ fe ) is a natural projection of jet-bundles, V is the 
"vertical" subbundle, S p is the p-th symmetric power, 

q+i — / 

5{(x\ ■ ■ ■ a q + r -i v (8) [3i A ■ ■ ■ A (5i) := J2 a i ' ' ' ®i ' ' ' a q+r-i v <8> on A (3\ A • • • A (5i, v is a 

section of V-k . 

Proof. See [A-V-L, Sei, Vin2, V-K-L, Ver] □ 

The original Cartan involutivity test was in terms of certain dimensions of "infinitesimal 
integral elements". The above theorem is due to J. P. Serre [A-V-L, La-Se]. 

9. Gelfand-Naimark 2-duality 

F 

Let C*Alg op j_ CHTop be the usual Gelfand-Naimark duality between commutative 
G 
C*-algebras and compact Hausdorff spaces. Both categories are strict 2-categories with homotopy 
classes of homotopies as 2-cells (homotopy of C*-algebras is a homotopy in Top each instance 
of which is a C*-algebra homomorphism) . The reasonable question is: can it be extended to a 
2-duality? The answer is yes. 
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By definition 

C* Alg(A B) x \A\ — ^U \B\ C*Alg(£, C) x C* Alg(A, B) ^4 C*Alg(A, C) 



/xi 




lx/ 



F(/) 

|/|x|A| C*Alg(B,C)x|/| 

So that, if f : \I\ x \A\ — ► |B| is a homotopy in C*Alg, then its image in CHTop is F(/) : 
|F(B)| x |/| — > |-F(A)| (where | | denotes underlying set or map). 

We need to prove that such extended F preserves 2-categorical structure (for G proof is 
symmetric) . 

Preserving homotopies 

Lemma 9.1. If B is locally compact then Top(B,C) x Top(A, B) — — — > Top(A, C) is contin- 
uous (with compact- open topology in all hom-sets). 

Proof is standard. Let / = g o h = Ca,b,c{9, h)- Take U K be a (subbase) nbhd of /. Sufficient 
to show that 3 (subbase) nbhds Uf ' 3 g, Uf 2 3 h, s.t. Uf 1 o U^ = c a ,b,c{Ui\U^) C U k . 
Take U\ = U, K^ = K, K\ be a compact nbhd of h(K), s.t. K\ C g~ l (U) (K\ exists by local 
compactness of B), U2 — int(_ftTi). D 

Corollary. If A is locally compact then evA,B '■ Top(A, B) x \A\ — > \B\ is continuous. 

Proof. Each space A is homcomorphic to Top(l, A) (with compact-open topology), and eVA,B 
corresponds to Ci t A,B- D 

Lemma 9.2. • Initial topology on \F(A)\ = C*Alg(A, C) w.r.t. evaluation maps Va G A 
C*Alg(A, C) x 1 -^H> C*Alg(A, C) x \A\ —^ |C| is point-open. 

• Initial topology on \G(X)\ = CHTop(X, C) w.r.t. evaluation maps Vi 6 I 
CHTop(X,C) x 1 > CHTop(X,C) x \X\ —^ |C| is compact-open. 

Proof. Sec [P-Th], [Joh], [Eng]. D 

Lemma 9.3. If A,B C LCTop are naturally dual subcategories of locally compact spaces (let 
D be a dualizing object) then if A(X,D) has compact-open topology (as initilal topology w.r.t. 
evaluation maps) then initial topology of \X\ = B(A(X, D) 1 D) is compact-open as well. 

Proof. Evaluation map ev : A(X,D) x \X\ — > \D\ is continuous (since X is locally compact 
and A(X, D) has compact-open topology). It implies that initial (point-open) topology on \X\ = 
B(A(X, D), D) is actually compact-open [by assumption, topology of \X\ is initial w.r.t. all maps 

'/' : \X\ -Z*lx\X\ -^*A(X,D)x\X\ -^ \D\. It means that topology on \X\ =B(A(X,D),D) 
is point-open since subbase open sets in point-open and initial topologies are the same U * :— 
{xe\X\\'f(x)e U cD} = T 1 (U)]. 

' open 

We need to show that {x e \X\ I V/ e K CA(X,D). 'f{x)e U c D} = H'f'^iU) 

1 compact open faK 

is open in point-open topology on \X\. 

Take x G f] '/' _1 (C/), then ev(K,x) C U. By continuity of ev, Vy e K. 3 V y 3 y. 

f£K open 

3W y 3 x, s.t. ev(V y ,Wy) ell. [) Vy D K , so, by compactness, (J V Vj D K. Therefore, 

open y£K j—^-,---7 n 
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ev(V Vi , n W Vj ) c U, ev( [J V Vi , f] W Vj ) C U, ev (K, f] W Vj ) C U, i.e., x is 

j— l,...,n j — l,...,n j — l,...,n j — l,...,n 

internal. □ 

Corollary. Gelfand-Naimark duality preserves homotopies. 

Proof. \A\ = CHTop(X, C) has compact-open topology. |X| = C*Alg(A,C) has point-open 
topology, so, by Lemma 9.3 compact-open topology. 

Multiplication ca.b,c is continuous (since all hom-sets have compact-open topology). There- 
fore, F(f) is continuous. 

[In inverse direction G : CHTop — ► C*Alg there is no problem because CHTop(X, C) has 
compact-open topology. See also [Loo]]. □ 

Preserving homotopy relation between homotopies 

Let / : |/| x |7| x |^4| — > \B\ be continuous, s.t. f(0,t,a) — fo(t,a), f(l,t,a) — fi(t,a). 



C*Alg(A,B) x \A\ 

fxl. 




B\ C* Alg(B, C) x C*Alg(A, B) — — > C*Alg(A, ( 

ix/ 

C*Alg(B,C) x \I\ x 



lx((0xl| J |)o<!,l| 7 |>) 



lx((lxl 



C*Alg(B,C) x | J 




F(h) 



So, F(f) is a homotopy from F(fo) to F(fi). F(f) is continuous since ca,b.c is continuous in 
compact-open topology. C*Alg(_B,C) has compact-open topology by Lemma 9.3. 

Preserving unit 2-cells if 



C*Alg(A, B) x \A\ -2J-> \B\ C* Alg(B, C) x C*Alg(A, B) —4 C*Alg(A 




\I\ x \A\ 




So, if if = f op 2 o (! x 1| A |) = fop 2 , then F(i f ) = F(f) o Pl = i F{f) . 



f Dl 9 



Preserving composites i g * f : \I\ x |A| — ► |B| — ► \C\ 

tta&f*i h :\I\v.\A'\^\I\x\A\±*\B\ 



CONCRETE DUALITY FOR STRICT oo-CATEGORIES 



i.'-S 



C*Alg(A,C) x \A\^U\C\ 



(ffO-)xl 



C*Alg(C,C) x |/| 

lx(C*Alg(A, 9 )o/) 
I 



F(gof) 



C*Alg(A, B) x \A\ -^ |B| /C*Alg(C, C) x C*Alg(A, C) -^^ C*Alg(A, 




C*Alg(g,C)xl 



cA,B,f 




v C*Alg( J B, C) x C* Alg(A, B) — — >■ C*Alg(A, 

F(f) 

C*Alg(B,C)x|I| 

g o f is a homotopy corresponding to C*Alg(^4,<?) o /. Outer perimeter of the right diagram 
commutes because of definition of F(f), F(gof) and associativity low [if (s, t) € C*Alg(C, C) x |/| 
then so (go f(t)) = (sog)of(t)}. So, F(gof) = F(f)o(F(g) x l m ), i.e., F(i g *f) = F(f)*i F{g) . 



C*Alg(A,B) x \A\— e -^\B 
I 




\I\ x \A> 

(fo(lxh)) T xl 

C*Alg(A',B)x\A'\^ r 4\B 



/o(lXfc)= 

uo(/xl)o(lxh) = 

™(/xk) 



C*Alg(B, C) x C* Alg(A, B) —A C*Alg(A, C) 

, ,T F(/) - 

C*Alg(B,C) X \I\ C Ai.c:/,, ) 

lxifodxh)) 1 

C*Alg(B, C) x C* Alg(A', B) r7 -^ C*Alg(A', C) 



JKfo(lxh)) 



Right internal triangle of the right diagram commutes since if (g, t) <E C* Alg(B, C) x |/| then 
C*Alg(ft,C) o c a .b,c o (1 x f)(g,t) = {g o f(t)) oh = go (f(t) o ft) = c A >,B,c{gJ{t) o ft) = 

CA',B,C($, (/ ° (1 X h)) T (t)) = C A >,B,C ° (1 X (/o (1 X ft)) T )( 5 , t). So, F(/* tfc) - F(/ o (1 X ft)) - 

F(h)oF(f) = i F(h) *F(f). 

Preserving vertical composites 

We need to show if / : / o i ~ / o i-y and 5 : g o i ~ 5 o i x are homotopies in C*Alg s.t. 
f on =goi Q then F(gQf) = F(g) ®F(f). 
By definition, vertical composite g © / is 



\A\x\[0,±]\^4^\A\x\I 




L4|x|[±,l]|4- 



lx/3 




Wx|J|^-4|/J| 



|A| x |7 



11 



G.V. KONDRATIEV 



C*Alg{A,B) x \A 




B\ C*Alg(B,C) x C*Alg(^,B 



1X(S0/) T 



C*Alg(5, 



lx(jo/3) 



C*Alg(5,C) x \I 




>C*Alg(A,C) 



F(f) 



C*Alg(B,C)x|J| 



By uniqueness / = / = (g /) o i o a, g — g = (g Q f) 070/3. 
F(ff0/)o(lx(ioa))=F(/) 



So 



It means F(<? © /) = F(g) F(/). 



F(5 0/)o(lx(jo/3)) = F(5) 

/o So 

Preserving horisontal composites A ^fj_> 5 .JLiL-* ^ 

h si 

9* !_■= (S* ifi) © (igo * I) -Jigi * I) © (9 * ifo) (nomotopic homotopies). 
F(g * /) = F(g * i h ) F(i go * /) = (i F(fl) * F(ff)) (F(f) * i F(go) ) ~ F(/~) * F(g). 



Proposition 9.1 completes the proof of Gclfand-Naimark 2-duality C* Alg op 



CHTop 



Proposition 9.1. If C D are two strict n-categories and two strict n-functors in the op- 

G 

F <i 
posite directions such that the restriction C- 1 s 1 -. D- 1 * s an adjunction with unit 77 : 1q<i — * 

G- 1 ^- 1 and counit e : F- l G- 1 — ► l D <i which are still natural transformations for the extension 
(i.e. 77 : lc — > GF and e : -FG — ► Id are natural transformations) then the extended situation 

F 

C .i_£_^ D is a strict adjunction. 
G 

Proof. A strict adjunction is completely determined by its 'unit-counit' (proposition 5.3). n : 
lc —* GF and e : FG — » Id are natural transformations and satisfy triangle identities ^Foi F77 = 
It? and Ge o 1 r\G — \q (because, e.g. eF = eF- 1 , I7? = l F <i (set-theoretically), etc.) 

□ 



Corollary. Any 1-adjunction between a category of topological algebras and a subcategory of 
topological spaces is a 2-adjunction if it can be extended functorially over 2-cells in the way that 
each instance of the image of a homotopy is the image of this instance of the prcimage-homotopy. 
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Proof. Under given conditions unit and counit of 1-adj unction are automatically natural trans- 

VA 



formations for the extension. E.g., take unit r\. Naturality square f 1 



GFf 1 , where 




and 



B^^GFB 

f 1 : A x I — > B is a homotopy, holds because each instance of it holds (since 77 is a unit of 
1-adjunction), i.e. Vie I r) B °f X {-,t) = GF(/ 1 (-,i))o? ?A , it means 775° f 1 = GF(f 1 ) o(n A x I), 
i.e.T lB *f 1 =GF{f l )* VA . □ 

Gelfand-Naimark case is one of the above corollary. End of proof of Gclfand-Naimark 2-duality. 

□ 

Remark. There are 'forgetful' functors C*Alg -*■ 2-Set and CHTop -> 2-Set (where 2-Set 
is the usual Set with just one iso-2-cell for each pair of maps with the same domain and codomain) 
but they are not faithful and forget too much in order 2-Set could be an underlying category of 
Gelfand-Naimark 2-duality. □ 

Proposition 9.2. • Gelfand-Naimark 2-duality is concrete over 2-Cat (2 -Cat is the usual 2- 
category of (small) categories, functors and natural transformations), i.e. 3 (faithful) forgetful 

C*Alg°P — ^-> CHTop 

functors U : C*Alg -> 2-Cat and V : CHTop -> 2-Cat such that 

C*Alg(- 

2 -Cat 

CHTop op -2^> C*Alg 

jj where U and V are composites of inclusion and fundamental groupoid 

2-Cat 

functors (U : C*Alg ^ 2-Top 2 " T ° p(1 ^ ) i 2-Cat and V : CHTop <-> 2-Top tl^hzl 2-Cat;. 

• This duality is natural, i.e. lifting of hom-functors C*Alg(— , C), CHTop(— , C) along V and 
U is initial. □ 

Remark. 2-duality allows us to transfer (co)homology theories from one side to another. 
Under a reasonable assumption that K-theory was determined in a universal way we could get 
M. Atiyah theorem that K-groups of commutative C* -algebras and compact Hausdorff spaces 
coincide. The problem, however, is that K-groups were determined technically (not universally). 
But, there is a theorem by J. Cuntz [Wcg] that K-theory is universally determined on a large 
subcategory of C*-algebras. □ 

10. Lukacs' extension of Pontryagin duality 

The following is a new and recent example of a concrete duality, due to G. Lukacs [Luk]. The 
extension is natural with the same dualizing object R/Z, and establishes a concrete duality for 
abelian locally prccompact groups. 

Definition 10.1. 

• The set 1 in a topological group G is called precompact if \/U 3 e (neighbourhood of 
identity) 3 a finite subset F C G such that X C FU. 

• The group G is locally precompact if it contains a precompact neighbourhood of the identity. 
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□ 

(Locally) precompact groups are very closed to (locally) compact ones. Namely their two- 
sided uniformity completions give (locally) compact groups, and conversely dense subgroups of 
(locally) compact groups are (locally) precompact. 

Proposition 10.1 (Pontryagin-Lukacs). There are the following natural dualities 

Ab op ^T ~ ""* CompAb 



locCompAb op 

■f- 



locCompAb 



locPreCompAb 



op 



locCompAb 



where locCompAb^ is a category of dense embeddings of locally compact abelian groups into 
compact abelian groups (with commutative squares in locCompAb as arrows). □ 

Remarks. 

The main idea of this extension is that every locally precompact group G can be represented 
as a dense injective locCompAb- morphism Gd — > compl(G), where Gd is the same group 
with discrete topology, and compl(G) is its completion with respect to two-sided uniformity 
on G. After that, the usual Pontryagin duality is used [Luk]. 

R/Z 



The dualizing object in locCompAb^ is 



id 



a 



R/Z 



11. Differential algebras as a dual to Lie calculus 

For Lie groups there is an equivalent alternative calculus via exterior differential algebras. For 
Lie groups of transformations, it turns out to be more powerful than via Lie algebras. It was 
developed by E. Cartan and after him by the Russian School in Differential Geometry, mainly, 
by A.M. Vasiliev [VasO, Vas]. 

Definition 11.1. 

• The exterior differential algebra A 6 (36(fc-A-Alg), k = C or R, is called linear if it finitely 
generated by elements of degree 1 (with possible linear (resolvable) relations between them 
over k). 

• The exterior differential algebra A G 06(fc-A-Alg), k = C or R, is called quasilinear if it 
is finitely generated by elements of degree and 1 with relations between either elements of 
degree or linear relations on elements of degree 1 with coefficients in A . 

• A smooth map / : X — > Y is called quasialgebraic if there exist quasilinear subalgebras 
A! <^> k-A(X) and A 2 <^> fc-A(Y) such that /*(A 2 ) := fc-A(/)(A 2 ) ^ Ai. □ 

Quasialgebraic maps admit an effective description. All homomorphisms of Lie groups are 
quasialgebraic. 
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Proposition 11.1. There are equivalences locLieGrp ~ LieAlg ~ fc-A-ALgf? (local Lie 
groups ~ Lie algebras ~ (opposite of the category of) linear exterior differential algebras). □ 

Lemma 11.1. 

• TTie functor Diff op ► ComAlg ► fc-A-Alg > fc-A-Alg co l is monoidal with 

respect to Cartesian product x in Diff and exterior product A in fc-A-Alg co ;, where fc-A is 
a /ree exterior differential algebra functor over k, compl is a smooth (or analytic) completion 
of exterior differential algebras. 

• Analogously, the functor LieGrp op 12i * fc-A-Alg (assigning the algebra of (left)invariant 

forms) is monoidal with respect to cartesian product x in LieGrp and exterior product A in 
fc-A-Alg. 

a 

Remarks. 

• The smooth (analytic) completion functor compl : fc-AAlg — > fc-A-Alg co l is a left ad- 
joint to the inclusion (of the subcategory of smooth (analytic) exterior differential algebras) 
fc-A-Alg co i =— » fc-A-Alg (it is given essentially by the smooth (analytic) completion of the 
algebra of coefficients of an exterior differential algebra). 

• The exterior product A in fc-A-Alg co ; is bigger than in fc-A-Alg and is equal to the smooth 
(analytic) completion of (the usual algebraic) exterior product in fc-A-Alg. □ 

Definition 11.2. 

• The exterior differential algebra A is called smoothly realizable if there exists a manifold 
Y G Ob Diff and an embedding A '—* A(Y). It is fully smoothly realizable if A 1 (locally) 
generates T*Y. 

• A Geometric triple is a (locally trivial) fibre bundle (GxF^ X) e ArDiff, equivariant 
with respect to a (left) action of (Lie group) G on X and p : G x G x Y — > G x Y : (g, h, y) i— » 
(gh, y) an action onGxY". A morphism of geometric triples is a morphism of fibre bundles 



d x Yx ^> G 2 x Y 2 



Ai >X 2 



where a : G\ — > G 2 is a Lie group homomorphism. A geometric triple 



p : G x Y — » A is local if G is a local Lie group and A is a local G-space (admits a local 
group of transformations) . 
• An algebraic triple is an exterior product of two differential algebras A A B, where A is 
linear, with a differential ideal / C A A B generated by elements of degree 1. A morphism 
of algebraic triples (A\ r\B\,Ii) — ► (A 2 A B 2 ,L 2 ) is a differential homomorphism a A (3 : 
A\ A B\ -^ A 2 A B 2 such that the differential ideal generated by the image aA[3(Ii) is I 2 . An 
algebraic triple (A A B, I) is smoothly realizable if B is a smoothly realizable algebra. □ 

Lie groups of transformations are particular cases of geometric triples when X = Y and the 
projection p : G x Y — > X coincides with the action of G on X. 

Proposition 11.2. [Vas] The smooth manifold X admits a left action of the finite dimensional 
Lie group G iff there exists a smooth manifold Y , smoothly realizable algebra B ^ A(Y) ; and 
differential ideal I C Aj n „ (G)AB generated by 1-forms such that the foliation in GxY determined 
by I is a (locally trivial) fibre bundle G x Y — > X with the base X . □ 

Proposition 11.3. locGeomTriple ~ realAlgTriple op (local geometric triples ~ (opposite 
to) smoothly realizable algebraic triples). □ 
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Remark. By proposition 11.2. Lie groups of transformations are in duality with a certain 
full subcategory of realAlgTriple. 
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